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Abstract

I extend Gul and Pesendorfer’s expected uncertain utility (EUU) to deci-
sion problems in which a signal is observed before choosing an act from a
menu. Outside subjective expected utility, tree-independence, within-event
consequentialism, and dynamic consistency cannot generally coexist. I pre-
serve the EUU representation of risk and ambiguity and recover within-event
consequentialism together with dynamic consistency through a unique wuni-
form conditional belief system for every signal, including signals with non-
measurable cells. For measurable signals, the model reduces to static EUU;
otherwise, ex ante evaluation depends on how information is revealed. A
neo-additive subclass yields parsimonious “neo-EU” forms that accommo-
date Machina-style reflection.
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1. Introduction

Gul and Pesendorfer (2014) provide behavioral foundations for a (static)
model of choice under uncertainty that they dub Expected Uncertain Utility
(EUU). When choosing between Savage acts, an EUU maximizer is endowed
with a prior u defined on a g-algebra &£ of ideal events. Gul and Pesendorfer
interpret ideal events as those aspects of uncertainty that the decision maker
can quantify precisely with a probability.

To evaluate an arbitrary act f, he first forms ideal (that is, g-measurable)
greatest lower and least upper bounds f* and f that bound the range of
possible outcomes he cannot quantify precisely with his prior.> The ezpected

! That is, f/ (respectively, ?u) is the largest (respectively, smallest) measurable function
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uncertain utility of f is then given by

Ju(rm7")an, (1)

where the interval utility u(x,y) is the utility assigned to an unquantifiable
uncertain prospect with prizes lying between x and y.

Gul and Pesendorfer show their model can account for many observed
deviations from subjective expected utility documented in Ellsberg-style ex-
periments, including those considered by Machina (2009).

A Dynamic Setting: Information Decision Problems

Since applications of decision theoretic models in economics frequently
involve the sequential resolution of uncertainty, this raises the question: how
should a static model like EUU be extended to a dynamic setting? The
approach I take is to consider an EUU maximizer facing what I refer to as
an information decision problem (IDP). As in Gul and Pesendorfer’s (2014)
framework, the objects of choice are still (Savage) acts. In addition to spec-
ifying a menu of available acts, each IDP includes a signal (structure) o,
modeled as a function from the state space to a space of (conceivable) sig-
nal realizations.? As the EUU maximizer’s actual choice from the menu is
made after he observes the realization of the signal, ex ante he formulates
a plan (of action) that assigns to each possible realization of the signal an
act from the menu. Each feasible plan may be associated with a signal-act,
a pair comprising the IDP’s signal and the act induced by the plan. The
EUU maximizer’s (ex ante) optimal feasible plan can then be determined
from his preference relation >~ over the set of signal-acts induced by feasible
plans. An IDP with n possible signal realizations and m available acts has
m™ feasible plans. If each plan induces a distinct act, determining an optimal
plan directly from 7 requires m™ —1 preference comparisons.

The following example makes the distinction between feasible plans and
induced (reduced-form) acts explicit, and also illustrates the combinatorial
growth in the number of feasible plans as the signal is refined.

that is smaller (respectively, larger) than f.
21 assume each menu is finite as is the range of each signal.



Example 1. Let Q@ = [0,1] and X = {0,1}. Let the signal o have two
realizations s, s" with information cells

Consider the menu M = {f,g,h} where
fw=Hw<3}, gw=0, hw)=Lw=3}

A plan assigns to each realization of o an act from M. Hence there are 32 = 9
feasible plans. Each plan induces a reduced-form act obtained by applying the
prescribed act on the realized information cell. For instance, the plan “choose
fif s, else choose g7 induces the act

o {f<w>, w€[0.3),

g(w), wez1],

which coincides with f (since f(w) = 0 on [3,1]). Likewise, the plan “al-
ways choose f7 also induces f. Thus distinct plans can induce the same
reduced-form act, even though the agent chooses contingently on the signal.

By contrast, the plan “choose f if s', else choose h” induces the constant act
1.

More generally, if a signal o has n realizations and there are m alternatives
in a menu M, then there are m” feasible plans in the IDP (o, M). This
combinatorial growth motivates using signal-realization contingent (interim)
preferences to compute optimal plans recursively rather than comparing all
feasible plans directly.

Three desiderata, and where dynamic non-EU models must “pay”

The goal of this paper is to provide a dynamic extension of EUU that
preserves three desiderata that are natural in a sequential setting. First, the
interim evaluation used after observing a signal realization should be model
consistent with EUU: conditional beliefs should be represented by a (suitably
interpreted) conditional version of the prior, and risk and uncertainty prefer-
ences should continue to be encoded by the same interval utility u. Second,
interim preferences should be consequentialist: conditional rankings given
a realized information cell should depend only on payoffs on that cell (and



not on what would have been chosen in counterfactual information cells).?
Third, the induced contingent plans should be dynamically consistent: an ex
ante optimal plan should not generate a strict incentive to deviate after any
realized signal.

Because terms like recursive, consequentialist, and dynamically consistent
are used differently across the literature, it is helpful to separate these desider-
ata from a further, distinct EU-benchmark property: tree-independence. To
that end, I distinguish three properties relative to expected utility with
Bayesian updating:

1. Tree-independence (ex ante). Ex ante rankings depend only on
the induced (reduced-form) act, not on the signal structure used to
describe the resolution of uncertainty.

2. Within-event consequentialism (interim). Conditional rankings
at a realized information cell depend only on the restriction of acts to
that cell, not on payoffs outside it.

3. Dynamic consistency. Any ex ante optimal contingent plan remains
optimal to carry out at every reached information cell.

Once one departs from subjective expected utility, these three properties
cannot in general all be retained. REUU preserves within-event consequen-
tialism and dynamic consistency, but it pays by sacrificing tree-independence:
when the signal is not adapted to ideal events, ex ante evaluation depends on
the signal structure. Equivalently, outside the ideal-signal case, REUU does
not preserve signal-independence of ex ante rankings. For ideal signals, this
tension disappears: tree-independence is restored, and the dynamic model
collapses to static EUU.

Ideal Signals

Suppose the signal o is ideal. Then for each possible realization s, the
event o~ !(s) is in &; that is, the associated information cell is ideal. Since
the EUU maximizer does not perceive there to be any ambiguity with regard
to the resolution of uncertainty of an ideal signal, it is natural to require that
the restriction of - to signal-acts involving ideal signals agrees with his static

3 Terminology varies: some authors use “consequentialism” to refer to a property of the
decision tree or to a stronger invariance with respect to the description of the information
structure. Throughout, I use “consequentialist” in the within-event sense spelled out here.



preferences. Thus, applying the representation of static preferences from (1),
for any pair of ideal signals o and ¢ and any pair of acts f and f,

0Nz (@0) = [u()aws [o(FF ) @

Hence, the indirect utility the EUU maximizer assigns to an IDP with an
ideal signal—with which he can compare the desirability of this IDP with
other IDPs with ideal signals—is simply the static expected uncertain utility
of the act induced by an optimal plan.

In addition, an optimal plan can be constructed recursively. For each
possible realization s of o, let =7 denote an (interim) preference relation
over acts derived from 77 by setting

fg Fit (0. f) % (00 forio f) s (3)

where ﬁ,q(s) f denotes the act that agrees with fon the event o~1(s) and
with f elsewhere. Straightforward algebraic manipulation of (1) yields the
representation

v = [ (e T e (@)

where 17 is the posterior belief over the (relative) sigma-algebra £7 := {E N
o~ !(s): E € £}, derived from p by setting

o 1y L MENGT(s))
pl(Eno(s)) := (o i(s)

and where f*¢ (respectively, fyg) is the largest (respectively, smallest) func-
tion measurable with respect to g that is smaller (respectively, larger) than
f on the information cell o71(s) and agrees with f outside o71(s).* Given
these signal-realization contingent (interim) preferences, a plan is optimal if
and only if for each realization the act assigned by the plan for that realiza-
tion is, according to these interim preferences, undominated by every other
available act in the menu M. Hence if the signal has n possible realizations

4 Notice that, since o~1(s) € &, i“: (respectively, f*) agrees with S (respectively,
fu) on the information cell ¢=1(s). However, this will turn out not to be the case in the
sequel when I extend the analysis to signals with information cells that need not be ideal.



and the menu has m available acts then finding an optimal plan requires only
(at most) n x (m—1) (interim) preference comparisons.’

Summary (ideal signals). In the benchmark case of ideal signals, the induced
interim preferences = are EUU preferences with Bayesian posteriors and
the same interval utility u. Consequently, they satisfy the desiderata of
model consistency, within-event consequentialism, and dynamic consistency.
Moreover, because no non-ideal residual arises when every information cell
o~1(s) is ideal, ex ante evaluation in this benchmark is tree-independent and
coincides with the static EUU functional.

More explicitly, if we let v denote the Bernoulli utility derived from the
interval utility by setting v(x) := u(z, x), then it follows from (4) that f ~¢
v~ o V2(f). That is, the outcome v=! o VI(f) is the conditional certainty
equivalent of the act f given s is the realization of the signal o. Now define
Z(f) == v 1 (V2(f)) and construct an act f, adapted to o by setting its

restriction on each information cell =1(s) equal to ¢Z(f). In the ideal-signal
benchmark, this yields the following convenient decomposition of the ex ante

value:
Vie) = [ u(

= Y oS o Ns)) = / vo fydp.

s:u(o—1(s))>0

) A= Y VI ueTNs)

s (o1 (5))>0

Extension to Arbitrary Signals

The model developed in section 2 is one in which this recursive evaluation
can be adapted to work for all IDPs. In particular, I retain the same interim
preference relation 227 defined in (3) and the same certainty-equivalent con-
struction ¢7(f) = v=1(VZ(f)) used above to build the o-adapted act f,.
The novelty is that when o7'(s) ¢ £ the posterior belief g is not obtained
by the standard Bayesian update, but instead is generated by a modified
updating rule that extends Bayesian conditioning to non-ideal information
cells. Formally, for each signal o and each of its possible realizations s,
the EUU maximizer attaches a posterior belief ;7 over the sigma-algebra

5 The number of comparisons could be fewer should one or more of the acts agree with
each other on one or more of the signal’s information cells.



E7 ={EnNo!(s): E € £} that, in conjunction with the interval utility u
from (1), characterizes an EUU representation of the form (4) for the interim
preferences 2Z7.

Using these signal-realization contingent functionals the EUU maximizer
can compute an optimal plan by assigning to each realization an act from the
menu that maximizes the corresponding conditional expected uncertain util-
ity. Apart from the modification to the updating rule needed to handle non-
ideal information cells, these interim preferences continue to satisfy model
consistency, (within-event) consequentialism, and dynamic consistency. Fur-
thermore, I show that the utility the EUU maximizer assigns an arbitrary
signal-act (o, f) may be expressed as the expected uncertain utility of an act
f» adapted to ¢ and defined by setting its restriction on each information
cell 071(s) equal to v™! o V7(f). That is,

Vio.) = [u(g32) du. )

Correspondingly, if we consider an arbitrary IDP with signal 0 and menu M
for which the feasible plan ¢: {s: u(c=!(s)) > 0} — M is optimal, then the
indirect utility assigned by the EUU maximizer to this IDP, with which he
can compare its desirability with respect to any other IDP, may be expressed
as the expected uncertain utility of an act ¢, adapted to o that is defined by
setting its restriction on each information cell o7!(s) equal to v™1 o V7 (¢(s)).

As I noted above, for ideal signals, ex ante evaluation collapses to static
EUU (cf. (2)). Outside this benchmark class, however, the analogous equal-
ity need not hold.® I do not view this as a defect, but rather as the natural
implication of how ambiguity is perceived in a sequential environment. Chan-
nelling the insights of Frisch and Baron (1988), ambiguity about a realized
information cell arises from missing information that is relevant and could
in principle be known. Once the information cell is known to have obtained,
the only remaining ambiguity concerns the probabilities of subevents of that
cell; ambiguity that would have been faced under other, now counterfactual,
cells is no longer decision relevant interim. However, that borne (counter-
factual) ambiguity can matter ex ante, before the realization is learned, and

6 Indeed, the equality only holds for a signal-act involving a signal that is not adapted
to £ when the act is constant on every information cell associated with the signal that is
not ideal.



its impact is precisely what is captured by the dependence of V' (o, f) on the
signal structure in (5).

Roadmap

Section 2 formalizes information decision problems and derives the REUU
evaluation of signal-acts, first for ideal signals and then for arbitrary signals
via the uniform conditional belief system. Section 3 provides the axiomatic
foundations linking ex ante and interim evaluations and yielding the rep-
resentation theorem. Section 4 studies the neo-additive subclass, giving a
parsimonious “neo-EU” representation. Section 5 situates the approach rel-
ative to existing decision-theoretic and statistical updating literatures.

2. The Model

Adopting Gul and Pesendorfer’s setting of purely subjective uncertainty,
Q) (with generic element w) denotes the state space, subsets of which are
referred to as events. The non-degenerate interval X = [¢,m] comprises the
set of (monetary) outcomes and F, the set of mappings from Q to X, is
the set of (Savage) acts, the objects of choice. Each outcome z € X is also
identified with the (constant) act f in which f(w) = x for all w. And with
further (albeit fairly standard) abuse of notation, X will also refer to the set
of constant acts.

For any pair of events B, E C ), B\ E shall denote the set of elements
that are in B but not in £. For any pair of acts f and fAin JF and any event
B C Q, fpf is identified with the act that agrees with f on B and with f
on Q\B.

Let S denote the universe of conceivable realizations for any possible
signal. It includes the null realization o.

The first component of an information decision problem (IDP) is a signal
(structure) described by a function o: 2 — S with finite range, with the
interpretation that the decision-maker learns the realization of the signal is s
should the event o71(s) obtain. Let ¥ denote the set of signals which I take
to be a non-empty subset of functions from €2 to S. In particular, I assume X
contains a null (that is, uninformative) signal, denoted 0, a constant mapping
in which O(w) = o (€ 5) for all w in Q. The second component of an IDP
is a finite menu of acts M C F, |[M| < co. Let M denote the set of menus.
As any signal o € ¥ may be paired with any menu M € M to form the IDP
(o, M), the set of IDPs thus comprises the product set ¥ x M.

8



A plan (of action) ¢ assigns to each s € S an act ¢ € F. A plan of action
¢ is feasible in the IDP (o, M), if ¢, € M for each s € o(Q2). With a slight
abuse of the notation, each feasible plan in an IDP is identified with the act
it generates. That is, a feasible plan ¢ for the IDP (o, M) is identified with
the act defined by setting ¢(w) := ¢(w) if w € 71(s).

For each IDP (o, M) in ¥ x M, let ®(o, M) C F denote the set of acts
generated by feasible plans in that IDP. I refer to any pair (o, f) in ¥ x F
as a signal-act and note it may be viewed as a the subclass of IDPs in which
the menu contains just a single option. Thus I view and treat ¥ x F (the set
of signal-acts) as a subset of 3 x M (the set of IDPs).

The decision-maker is characterized by a binary relation 7 defined over
Y x F. For each particular signal o in X, I refer to the restriction of - to
{o} x F as his ex ante preferences with respect to that signal. Finally, I refer
to any signal-act in {0} x F as static and the restriction of - to {0} x F as
the decision-maker’s static preferences.

A prior is a countably-additive, complete and non-atomic probability
measure defined on a o-algebra of subsets of €2. Let II denote the set of
all priors with generic element 7. For each 7 in II (with domain £7) let F~™
denote the set of acts that are measurable with respect to 7 (that is, adapted
to E7).

Like his counterpart in Gul and Pesendorfer (2014), our decision-maker’s
static preferences are characterized by a pair (u,u), where:

(i) p € I with domain & is the decision-maker’s prior;’ and,
(17) u: {(z,y) € X x X:z <y} — R is his interval utility, a continuous
function for which u(z,y) > u(z’,y’) whenever x > 2’ and y > ¢/'.®

Adopting Gul and Pesendorfer’s (2014) nomenclature, I will refer to any
event F (respectively, any act g) in £ (respectively, in F*) as ideal.

For any ideal act g € F* its static subjective expected utility is given
by [v(g)du, where v: X — R is the (increasing and continuous) function
defined by setting v(z) := u(x , x). For any arbitrary act f, however, although
it may not be measurable with respect to u, the decision-maker can always

"To ease the notational clutter, I let € rather than £* denote the domain of the
decision-maker’s prior.

8 A characterization of static EUU maximization can be found in Grant et al. (2024)
which resolves some problems they identified in Gul and Pesendorfer’s axiomatization.



compute ideal greatest-lower- and least-upper-bounds, that together form a
(u-)measurable envelope for that act.

Definition 1 (Greatest-lower- & least-upper-ideal bounds). Fiz a prior
w e L. For each act f € F, the pair of acts f*, " e Fr constitutes an ideal

envelope if f* < f < 7 and for any f SV

) f2F = n({we: fw) < flw)}) =0
) f<F = n({we: F'w > fw)}) =0

Lemma 1 in Gul and Pesendorfer (2014, p5) establishes that for each act
f there exists an essentially unique ideal envelope. The utility the decision-

maker assigns the signal-act (0, f) is the (static) expected uncertain utility
of f. That is,

V(0. f) = / u(f* Ty, (6)

represents the restriction of - to {0} x F (his static preferences). Henceforth,
I refer to such a decision-maker as an EUU maximizer.

Turning now to arbitrary signal-acts, recall from the introduction, I pro-
posed that for each signal ¢ and each possible realization s of o, the EUU
maximizer attaches a posterior belief u? defined over the events in the (rel-
ative) sigma-algebra

E°={Eno'(s): E€&}. (7)

For each posterior ug, let F#5 C F denote the set of acts whose restriction
to the information cell c7!(s) is measurable with respect to p7. Analogous
to Definition 1 above of an ideal envelope, the next definition specifies a
pn?-measurable envelope for the restriction of an act to the information cell

o~ 1(s).

Definition 2 (Greatest-lower- and least-upper- (uJ-)measurable bounds).
Fiz a prior p € 11, a signal o € ¥, and a realization s € (). For
each posterior pg (defined over £7), and each act f € F, the pair of acts

I FT e FrE that agree with f on Q\o~'(s), constitutes a pZ-measurable
envelope if f‘g < f < " and for any f € FH“s that agrees with f on

Q\o'(s):

10



6) f2F = w({weo () f4 W)
) f

< Fw)}) =0;
(i) < T = w({we o (s): 7 (w) >

Fwy) =o;

To describe how I propose the decision-maker forms these posterior beliefs
entails the use of the ideal split generated by the preimage of a signal. The
specification of this partition of the state space requires some additional
definitions and notation, starting with the inner-measure of y, denoted by
1+ and defined by setting

p«(B) := sup p(E) for each B C Q.

ECB:EeE
Since p is countably additive, the infimum is attained. I shall refer to the ideal

event [B], in &, as the inner-sleeve of B, if [B], C B and u([B],) = p.(B).
The inner-sleeve of B may be viewed as the largest ideal subset of B.

Definition 3 (A Signal’s Ideal Split). Fiz a prior p € 1. For each sig-
nal o € 3, its ideal split, denoted by the collection of ideal events {Eg €
E:Q Ca(),Q # 0}, is a partition of the state space inductively defined as
follows:

1. For each realization s € o(RQ), set E{;, = [071(s)],.
2. For each Q C o(Q2) such that |Q| > 1, set

Ey:=[o @]\ U E3
QcQ
I refer to E) as the o-marginal inner-sleeve of the set of signal realizations

Q.

As an illustration, consider the ideal split generated by the preimage of
a binary signal o that maps each state to one of two possible realizations, s’
or s”. The ideal split is a three element partition of the state-space

{ Egs’} y Ef{TS//} 5 Efsl 8"} }
I I I
el Fren]. a(Ertelufrten],)

The first (respectively, second) element corresponds to the largest ideal subset
in which the signal’s realization is ' (respectively, s”). The third element

11



corresponds to the g-marginal inner-sleeve of the set of realizations 7(2) ( =
{s',5"}). All the EUU maximizer can discern from this element of the ideal
split is that the realization will be either s’ or s”. However, he is unable to
attribute any fraction of the probability his prior assigns to this element of
the split to either s’ or s” alone obtaining.

More generally for an arbitrary signal o and for each non-empty set of its
realizations @) C o({2), recalling the approach of Dempster (1967) and Shafer
(1976), I interpret /L(Eg) (the probability assigned by the prior to the o-
marginal inner-sleeve of ()) as measuring the weight the decision-maker places
on the evidence that directly supports the realization of the signal residing in
Q@ that cannot be further refined ex ante in terms of any of its strict subsets.

Since he anticipates after learning the realization of the signal he will then
be assigning the information cell associated with that realization a (precise)
posterior belief of 1 and all the other information cells (precise) posterior
beliefs of 0, he treats the partition of information cells as conditionally ideal.
Furthermore, given the particular realization s, he treats as conditionally
ideal the intersection of each (unconditionally) ideal event with the informa-
tion cell 07!(s). That is, for each realization s of the signal, he treats as
conditionally ideal all the events in the (relative) sigma-algebra 7.

To help motivate the updating rule that appears in Definition 4 below,
first notice for each non-empty set of the signal realizations Q C o(Q2) and
any pair of realizations s’ and s” that both reside in @), we have

(07 (@o-1¥) prg, | ) ~ (0’ (@o-11) g | ) :

for all ideal events E € £, all pairs of outcomes x and y, and all acts f. To
see this, notice the application of the representation of the static preferences
in equation (6) yields

V(O, (Irl(s')?J)EmEg2 f> - V<07 (Io*l(S”)y)EmEg f)

= 1 (E N EY) u(min{z,y}, max{z, y}) + /Q\(EHE”) fdu

1 (BN EG) w(min{z,y}, max{z,y}) + /Q\(EHE")

fdu] =0.

This means from his static preferences we see the EUU maximizer is indif-
ferent between betting on (respectively, against) any event in the collection

12



{ENESZN o7 1(s): s € Q} versus betting on (respectively, against) any
other event in the collection. In other words, all these events that together
form a |Q[-element partition of the ideal event E N Eg are exchangeable
with each other. So although these events are not measurable with respect
to the prior u, the EUU maximizer’s conditional belief system embodies a
“principle of indifference” property by allocating the probability u(E N Egg)
uniformly across its intersections with the information cells associated with
the realizations in Q.

The logic of this reasoning, underpins the next definition of the uniform
conditional belief system that the EUU maximizer associates with a signal. It
comprises a pseudo-prior (that renders all the information cells of the signal
unambiguous) and in addition, for each realization for which the pseudo-
prior is strictly positive, it specifies a conditional probability (his posterior)
defined over those events he views as conditionally ideal.

Definition 4 (Uniform Conditional Belief System). Fiz a prior u €
I1. The uniform conditional belief system associated with the signal o € X
comprises for each realization s € o () :

(i) a pseudo-prior p? € [0, 1] given by

= Y 1 (£) ;

QRCo(Q): s€Q |Q|

and, in addition, whenever p7 > 0,
(ii) a posterior ug defined on E7 = {ENco~'(s): E € £} and obtained by
setting for each event E € £

LI mENE) /I
(S)) — Co T s€
24

p(ENo™

Remark 1. Notice that po(E N o~ '(s)) is well-defined since for any pair of
ideal events E and E in &, if ENo~Y(s) = ENo~1(s) then it readily follows

that u(E N Egg) = M(E N Eg) for all Q C o(Q2) such that s € Q.
Remark 2. Fiz a signal o € . If for any of its realizations s € o(2) the
information set o~1(s) is ideal, then as this means the information cell is

equal to its inner-sleeve [071(s)]. it follows for every Q@ C o(Q2) in which

13



s € Q and |Q| > 1, the corresponding element in the ideal split £ is empty.
Hence we have
p = n(o7"(s))

U Ly MENGT(s))
and pd(ENo " (s)) = o)

That is, the posterior corresponds to the standard Bayesian update of the
prior conditional on that realization obtaining.

Remark 3. The uniform conditional belief system exhibits the following “law
of total probability”. For each E € &

> pul(Eno(s) = uE).

s€S5: p7>0

To see this, applying the definitions above we have

o o B w(E N ES
Z piul(Eno(s)) = Z Z %
s€S: p7>0 s€8: pI>0 \QCo(Q): s€Q
w(E N EG
= > (Z%) = > u(ENEY) =u(E).
QCo(Q) \s€Q QCo()

Furthermore, substituting Q for E yields Y pIul (07 (s)) = p(Q) = 1.
————

=1

Example 2 (Pseudo-priors and posteriors for a non-ideal binary signal).
Set Q :=1[0,1] x [0, 1] and let B denote the collection of Borel subsets of [0, 1].
Take the set of ideal sets to be the o-algebra constructed by setting

£:={[0,1] x B: Be€ B},

so ideal events are formed from full-length horizontal bands. Let p be the

prior on &€ defined by
u([0.1] x B) = A(B),

where \ is Lebesgue measure on [0, 1].

14



Fiz numbers 0 < a <b <1 and a € (0,1). Define a binary signal o with
realizations {s',s"} by specifying the information cell for s' as

071(8/) — A= ([0’ 1] X [b’ 1]) U ([O,oz] X [a,b]),

and hence o71(s") = Q\ A.°
The ideal (measurable) split. The largest E-measurable subset of A is

(Al = [0,1] x [b, 1],
and the largest £-measurable subset of Q\ A is
[Q\A]. =10,1] x [0, a].
Accordingly, the induced ideal split has three (ideal) cells:
B = 1[0,1] x [b,1], Efgn =10,1] x [0, 4], By gy =1[0,1] x [a, b].

The third cell Egs/’s,,} 1s the “residual” region: ex ante it can only be assigned
to the coalition {s',s"} (it is not ideal-refinable into singletons), even though
ex post the signal realization determines whether the left or right block of it
15 reached.

Pseudo-priors (uniform split on the residual coalition). Definition 4 as-
signs pseudo-priors

(3 a 1 g a g 1 g
Py = /J(E{y}) + EM(E{SI’S”}) s Pgr = /“’L(E{S”}) + éﬂ(E{S’,s”}) .
Since p([0,1] % [¢,d]) = d — ¢, we have

M(E?S/}) = 1 — b, [L(Egsu}) = a, IM(E{US/7S//}) = b — a,
and therefore

1 1
pg/:(l_b)+§<b_a), pg//:a+§(b—a),

9Geometrically: o~!(s’) is the top horizontal band [0, 1] x [b, 1] together with the left
block of the middle band [0, 1] x [a, b]; its complement is the bottom band [0, 1] x [0, a]
together with the right block of the middle band.

15



Posteriors on conditionally ideal events. Upon observing s', the posterior
pl on G ={ENA: E &} is defined by

o 1 o
/,L(E m E{S/}> + 5 /,L(E ﬂ E{S/,S”}>

ILLZ/(EQA): p y EES,
ps/
and similarly, upon observing s”,
/,L<E ﬂ Efy/}) + %M(E ﬂ E?s/781/}>

Py
To see “where this bites” take the ideal test event E; = [0,1] x [0, t] with
t € la,b]. Then EyNEY,, =@ and E;NEY, ., =10,1] X [a,1], s0

{s'} —
%:U“([Ovl] X [G,,t]) . %(t_ CL)
(1-b)+ib—a) (1-b)+3i0b—a)

o (EynA) =

This makes explicit that probability mass from the residual (middle) band
0, 1] x [a, b] is shared uniformly across {s',s"}, while singleton-refinable mass
from either the top or bottom band is treated in the usual Bayesian way.

Relation to Dempster—Shafer style optimistic/pessimistic rules. In Dempster—
Shafer updating, the residual mass attached to a coalition ) can be converted
into lower /upper bounds (belief/plausibility) or, equivalently, allocated in an
optimistic or pessimistic manner when forming point probabilities. REUU
instead selects a uniform split across ) by an invariance/symmetry require-
ment: within any coalition @) that is not further ideal-refinable ex ante, the
singletons in () are treated as exchangeable, so no singleton is privileged ex
ante. Comparative statics against “optimistic” or “pessimistic” allocations
can be obtained by replacing the uniform split ;(£3)/|Q| with an alterna-
tive allocation rule over (); Example 2 can then be rerun verbatim to show
exactly where such alternatives bite.

All the elements required to define the class of Recursive EUU preferences

have now been assembled.

Definition 5 (Recursive EUU Preferences). A binary relation 7, over
signal-acts is a Recursive Expected Uncertain Utility Preference if there ez-
ists an interval utility w and a prior p (with which we can associate for each
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signal o € ¥ the uniform conditional belief system <(p§)sea(ﬂ)> (12)s. p”>0>)7

such that 7= admits a representation of the form:

Vie.) = [u(f.77) da.
where f, is an act adapted to o that is defined by setting

[ v VAf) fweai(s) andp? >0
fo(w) = { 14 otherwise ’

where v is the Bernoulli utility derived from u, defined by setting v(z) =
u(z, ), and for each realization s such that p? > 0, V.7: F — R is defined
by setting

Vo(f) = /Ul(s)u (iu§,7u2> dy? .

3. Characterization

I begin by assuming the decision-maker’s static preferences admit an EUU
representation and that for each signal-act there exists a certainty equivalent
signal-act, comprising the uninformative signal and a constant act (that is,
outcome).?

Assumption 1 (Static EUU and Certainty Equivalent Existence). The
static preferences admit a representation of the form

V.= [u(p7") au
for some prior p € II (with domain £) and interval utility .

Moreover, for each signal-act (o, f) € X X F there exists an outcome
x € X such that (0,x) ~ (o, f).

10 An axiomatization of static EUU maximization can be found in Grant et al. (2024)
which fixes a couple of problems they identified in the original characterization result in
Gul and Pesendorfer (2014). Standard ordering and continuity axioms are sufficient to
ensure the existence of a certainty equivalent for each signal-act.
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Notice it follows from the monotonicity of the interval utility u that the
certainty equivalent of any signal-act is well defined.

Recall in the introduction, I noted that Gul and Pesendorfer viewed the
set of ideal events (the domain of the prior p) as ones capturing aspects
of the uncertainty that the decision maker could quantity precisely with a
probability. In terms of the static preferences this requires for any ideal event
E € £ that both it and its complement exhibit a form of Savage’s property
P2.

Definition 6 (Ideal Event). The event E C Q is ideal if for every quartet
of acts f, f', f and f in F:

(0.12) 2 (0, fF) and (0. fuf) % (0, Fif)|

—

(0.£2) 2 (0, f1f) and (0. Juf) % (0, fif)| -

To motivate the first axiom, notice that any signal-act in which the act
is adapted to the signal has all uncertainty resolved in one stage: once
the decision-maker observes the signal realization, the resulting outcome is
known, so uncertainty resolves “early.” By contrast, a signal-act involving
the uninformative signal 0 also resolves all uncertainty in one stage, but only
“late.” Axiom 1 therefore imposes time neutrality: the REUU maximizer is
indifferent between these two timing descriptions of the same adapted act.
Unlike the compound risk models of Kreps and Porteus (1978), Epstein and
Zin (1989) and Grant et al. (1998), REUU therefore rules out an intrinsic
strict preference for early rather than late resolution of uncertainty.

Axiom 1 (Time Neutrality). For each signal o € ¥: (0, f) ~ (o, f) for
every act in which o(w) = o(®) = f(w) = f(®).

Next, I require the conditional ex ante preferences associated with a given
signal and any of its realizations should not depend on how the acts behave
on states outside the information cell corresponding to that realization. For-
mally, this entails the ex ante preferences with respect to a given signal are
weakly separable across the partition of information cells generated by the
signal’s realizations.

Axiom 2 (Within-Event Consequentialism). Fiz a signal o € ¥. For
all realizations s € o(Q2) and all pairs of acts f,g € F: (o, f) (a,ggfl(s)f) —

(Uafafl(s)g) r>\; (079) :
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In addition, for a given signal, I require the intersection of each ideal
event in £ with each information cell of the signal to be “conditionally ideal”.
Formally this entails, relative to each information cell, each ideal event in £
and its complement jointly satisfy Savage’s postulate P2.!!

Axiom 3 (Ideal Invariance). Fiz a signal o € X. For each realization
s € 0(Q), each (ideal) event E € £, and each pair of acts f,g € F:

(0, fomrf) Z (0. (98 o1 f) = (0. (fe9)o-1(9f) Z (0 95-1(5)f)

and

(0, forf) Z (0. (fEG)e1(5f) = (0, (98f)o-1(9f) Z (095105 f)

Up to this point, the axioms pin down (i) the ex ante evaluation of acts
on the ideal o-algebra &£ (via the static EUU representation) and (ii) the way
interim preferences are derived from the ex ante ranking over signal-acts.
What remains open is how the agent evaluates uncertain outcomes generated
within a realized information cell when that cell is not itself ideal. Absent an
additional restriction, one could rationalize interim behavior using interval
utilities that vary with the information cell or the signal. Axiom 4 rules out
such state-dependent reparametrizations by requiring that the same interval
utility u that represents static EUU also governs the evaluation of uncertain
outcomes at every history. In short, Axiom 4 is the invariance condition that
delivers model consistency of the interim criterion with EUU: it ensures that
information affects evaluation only through the (posterior) belief component,
not through a change in the agent’s attitude to risk and ambiguity. To state
it requires the following additional definitions and notation.

An event B C Q is null (with respect to the static preferences) if (0, g f) ~
(0, f) for all f,g € F. Let N denote the set of null events.'?

For each non-null event B ¢ AN and each act f € F, set

z(fp) :==sup{y € X: {w € B: f(w) <y} e N'}.
Z(fg) =inf{z € X: {we B: f(w) >z} eN}.

1 That is, relative to each information cell, each event E in £ is both what Gul and
Pesendorfer (2014) refer to as “left-ideal” and “right-ideal”. It then follows from Lemma
B0 in Gul and Pesendorfer (2014, p25) that relative to each information cell of the signal
such an event satisfies definition 6.

12 An event is null if and only if u assigns it measure zero.
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In terms of the EUU maximizer’s static preferences, I interpret z(fz) (respec-
tively, T(fg)) as the greatest lower (respectively, least upper) bound for the
outcomes the EUU maximizer conceives as possibly arising on the restriction
of f to the event B. I write z(f) for z(fq) and Z(f) for Z(fq).

For each signal o € X set
o)t i={s€a(Q): 07 (s) ¢ N}.

That is, o(Q)" comprises all of that signal’s non-null realizations.

An event D is deemed diffuse (with respect to the static preferences) if
DNE #0# (Q\D)NE for every non-null ideal event E. A diffuse event
may be viewed as maximally uncertain since neither it nor its complement
contains a non-null ideal subset. Let D denote the set of diffuse events.

An act h is deemed diffuse if for some diffuse event D € D, (0,h) ~
(0,Z(h)pz(h)). Let H denote the set of diffuse acts. Notice, for any diffuse
act h € H, its static EUU V(0,h) = V(0,Z(h)px(h)) = u(z(h),z(h)).

Axiom 4 (Invariant Uncertain Outcome Preference). Fiz a signalo €
Y.. For any non-null realization s € o(Q)T, any act f in F, any pair of dif-

fuse acts h and h in H, any outcome z in X, and any ideal event E € £ for
which ENo~(s) ¢ N if z(h) = z(hpno-1(5)) and T(h) = T(hgne-1(s)) then

(O’h) r>_\1 (072) — (Uv/ﬁEﬂafl(s)f> /->\—J (07 ZEﬁafl(s)f> .

Axiom 4 fixes only the utility side of interim evaluation. Information
may change the agent’s beliefs, but it may not change the interval utility u
that represents his attitude toward risk and ambiguity. What remains open
is which conditional belief over ideal events should govern interim rankings
when the realized information cell ¢~!(s) is not itself ideal. Axiom 5 resolves
that remaining indeterminacy by fixing the belief-updating component: con-
ditional rankings must agree with the ex ante rankings of the corresponding
bets on the uniformly assigned pieces generated by the uniform refinement
construction.

To motivate this updating rule, fix a signal o € ¥ and consider its associ-
ated ideal split {E£g € £ : Q C (), Q # 0}. Recall that for any Q C o(Q2)
and any ideal event I/ € £ with E'N £ ¢ N, the family

{ENEZNo!(s) : s€Q}
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forms a |Q|-element partition of the ideal event ENE. Moreover, because
evaluates any pair (0, f) through the £-measurable bounds of f, the REUU
maximizer views the elements of this partition as ex ante exchangeable: for
any s, s"” € @, any x > y, and any act f, he is indifferent between betting on
(or against) 2N EGNo~'(s') and betting on (or against) £ N EGN o' (s").
Intuitively, on the residual ideal cell Eg the signal cannot be further ideal-
refined ex ante, so the singletons s € () are treated symmetrically.

To respect this exchangeability in the construction of realization-contingent
beliefs, the REUU maximizer allocates the prior weight u(E N Eg) uniformly
across the |Q| pieces {E N EGNo~'(s) : s € Q}. The next definition intro-
duces the corresponding uniform refinement partition.

Definition 7 (Uniform refinement ideal partition). Fiz an ideal event
E € & and a signal o € X, with associated ideal split {Eg € € 1 Q C
a(Q), Q # 0}. For each non-empty Q C o(Q) choose an ideal partition
{ng 15 € Q} of Eg such that, for every s € Q,

g E5NE
u(EGY) = mE) u(EGENE) = #EG N E)

Q| Q-
Define the induced uniform refinement partition {Es : s € o(Q2)} by
E, = |J EGY.  seo@).
QCo(2)
s€Q
By construction,
u(Eg 0 E) u(E3)
em)- £ HEAD s - ¥ 4D
QCo () QCo(Q)
seqQ s€EQ

and the latter does not depend on F.

The last axiom formalizes this updating rule.

Axiom 5 (Invariant Conditional Betting Preferences). Fiz E,E' € £
and a signal o € ¥ with associated ideal split {Eg € € : Q C a(52), Q # 0}
Let {Es : s € a(Q)} (respectively, {E. : s € 0(2)}) be a uniform refine-
ment ideal partition associated with (E,o) (respectively, (E',o)). For each
sea()t,

(U,mEm(,A(S)ﬁ) ,>\: (a,mE/mO,A(S)E) < (O,mEmEsﬁ) i: (O,mE/mng).
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Thus Axiom 5 identifies the admissible posterior beliefs when the realized
information cell is non-ideal: conditional rankings must respect the ex ante
exchangeability encoded by the uniform refinement construction.

The representation theorem follows.

Theorem 1. Suppose Assumption 1 holds. Then the binary relation = is
an REUU preference if and only if Azioms 1 — 5 hold.

4. Neo-Additive Signal-Acts

This section identifies a tractable subclass of signal-acts—neo-additive
signal-acts—for which both ex ante and interim evaluations admit a parsimo-
nious “neo-EU” representation. The representation parallels the neo-additive
capacity model of Chateauneuf et al. (2007), but in REUU the interval util-
ity u is unrestricted. When u is nonseparable, the resulting ambiguity term
can generate Machina-style reflection patterns (violations of tail separability)
that are impossible under any CEU model, including neo-additive CEU.

Neo-additive acts and signal-acts

Definition 8 (Neo-additive acts). The act g € F is neo-additive with
respect to the ideal event G € &€ if for all x > y such that

p({w € Q:y < g(w) <a}) € (0,1),
. fweQ:iy<gw) <a}], ={weQ:y<g(w) <z}NG; and
2. N[N\ {weQ:y<gw) <z}], ={weQ:y<gw) <z}U(Q\G).

An act is neo-additive if it is neo-additive with respect to some G € £.

Neo-additivity with respect to G' means: on the “ideal” region G the act
behaves like an ideal act, while on the complement Q\G it is evaluated only
through its worst and best conceivable prizes z(g) and Z(g). In particular,
the greatest lower and least upper ideal bounds of g are ggz(g) and ggZ(g).

Definition 9 (Neo-additive signal-acts). A signal-act (1,9) € X x F is
neo-additive if there exists G € £ such that:

1. g is neo-additive with respect to G; and
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2. the ideal split of T satisfies

G\( U E{TS}>€N and  (Q\G)\El ) € .

ser(Q)+

For the null signal 0, 0(Q2)* = {o} and E?O} = E8(9)+ =, so condition 2
is automatic; hence (0, g) is neo-additive whenever g is neo-additive. When
|7(Q)"| > 1, condition 2 says (up to null events) that the singleton elements
of the ideal split account for GG, while the residual element E:(Q)+ accounts
for Q\G; in particular, £, = () for all Q@ C 7(Q)* with [Q| > 1.

FEvaluating neo-additive signal-acts

Fix g neo-additive with respect to G € £. Writing v(z) := u(z,z) and
setting A := 1 — p(G), the static EUU of (0, g) is

V(0,9) = /U(g",ﬁ“) dp
re) / v(g)dr + (1 - u(G)) ulz(g). 7(9))
— (1) /X v dET + Mu(z(g), 7(g)) (8)

where (when p(G) > 0) 7 is the conditional probability on G,

_ w(BNQ)
) = 1(G)

and FJ(7) := m({w : g(w) < x}) is the m-CDF of g. In the separable special
case u(x,y) = av(z) + (1 — a)v(y), (8) reduces to the Chateauneuf et al.
neo-additive CEU formula; then the “tail increment” u(a,m) — u(a,z) =
(1—a)(v(m)—v(x)) is independent of the lower bound a. With nonseparable
u, this independence can fail.

for Be E™:={B:BNG € &}, 9)

Example 3 (Neo-additive tail nonseparability). Pick prizes { < z <
x<m. Fixr G €& with u(G) =1— X € (0,1) and define 7 as in (9). Pick
an ideal event E € € with E C G and 7(E) = . Fiz a diffuse event D € D
such that both (Q\G) N D and (Q\G) N (2\D) are nonnull.
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Define four neo-additive acts f, g, ]?, g by their restrictions to G and Q\G:

fl r, wek, | ﬂ 2l r, wekl
= =z, =z, =
“ z, wée€G\E, Jie “ e z, wéeG\E,

and on the diffuse part

6, we (Q\G)ND,
f‘Q\G = {

[t we@\G)nD,
we@\@)n@p), e

r, we(Q\G)N(Q\D),

z, we(Q\G)ND,
z, we (Q\G)N(Q\D).

V(0,f)—V(0,9) = A+ /\(u(f, m) — u(l, :U)),

V(0, ) = V(0,3) = —A + Au(z,m) — u(z,1)).

Hence one obtains the reflection pattern (0, f) > (0,g) and (0,9) > (0, f)
whenever

u(l,m) —u(l,x) > A/ > u(z,m) —u(z,z). (10)
Condition (10) is incompatible with the separable neo-additive CEU bench-

mark, in which the increment u(a, m) — u(a, x) is independent of a.

Now consider a neo-additive signal-act (7, ¢) with |7(Q)"| > 1. For each
s € 7(2)*, the pseudo-prior and posterior (Definition 4) simplify to

r_ (s 1(Q\G) — (1 = Nl Ys 1
Pl =G0 ) + g = (L= Al () A
MT(E N 7'_1(8) N G) — M(E N 771(8) M G)

=(1-X)ni(E) (Ee€&),
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where 77 is the Bayesian update of 7 on 77!(s),

1AL ©)

’ m(T71(s))
and the updated lack-of-confidence parameter is

. AIr(2)"
T T Nalr () M@

(Be€m),

(11)

Consequently, the interim preferences -7 admit a conditional neo-EU repre-
sentation:

‘/;T(g) = (1 - )‘;—) /X Ud‘F;T; =+ )\7,3—u(&(QT_l(s))7E(gT_1(S))) ) (12>

where B (2) := 77 ({w : g(w) < z}).

Remark 4. From (11): (i) if |7(Q)"| = 1 (an uninformative signal), then
A= X, (@) if |[T(QQ)T] > 1, then AT < X iff m(771(s)) > 1/|7(Q)"| (and
conversely); (iii) if m1(771(s)) = 0, then AT =1 (all confidence in 7 is lost on
an event m deems impossible).

Neo-additive sources

Definitions 8-9 characterize when a given act or signal-act is neo-additive.
Since every ideal act is neo-additive (take G = €2), it is natural to ask whether
there are priors 7 for which all m-measurable acts and £™-adapted signal-acts
inherit a neo-EU representation.

Definition 10 (Neo-additive source). A prior m € 11 (with domain E™)
is a neo-additive source if there exists a non-null G € E\N such that

_JuG)w(A), i w(A) <1, .
py(A) = {17 i r(A) = 1. forall Ae &

The term “source” is motivated by the fact that for all A, B € £™ and all
x>y,
V(0,24y) 2 V(0,2py) < w(A) > n(B),

matching the defining feature of sources in Gul and Pesendorfer (2015).

25



For any CDF F write
z(F) :=sup{y € X : F(y) =0}, Z(F):=inf{z € X : F(z) = 1}.

Suppose the prior 7 is a neo-additive source, then for any g € F~,
V(0,9) = (1— /\)/ vdEF + Au(z(EF), 7(EF)) (13)
X

with A = 1 — p(G). Moreover, if (7, g) is such that both 7 and g are adapted
to £, then for each s € 7(Q)T,

Vi(g) = (1-AD) /X o dET 1 X u(2(E7), 2(ET)), (14)

where 77 is the Bayesian update of m on 77!(s) and A7 is given by (11). Hence
both the static and the interim preferences are probabilistically sophisticated
in the sense of Machina and Schmeidler (1992).

The next example gives a concrete interpretation of definition 10: G is
the region on which probabilities are trusted (evaluation proceeds via the
induced m-distribution), whereas Q\G contributes only through the extreme
bounds term u(z, T).

Example 4 (A canonical neo-additive source). Take Q to be the unit
square [0,1]% and let v denote the Lebesque measure on §). Set € equal to the
o-algebra of sets that are measurable in the second coordinate (up to v-null
exceptions in the first), and define the ideal prior p on € by setting

w(E) =v(E) forall E € &.

€ (0,1) and set G =[0,1] x [0,y] € €. Define a prior m on the domain

{BCQ: BNGeE&} by

wBNG) v(BNG)
1(G) v(G)

Then 7 is a neo-additive source.

ﬂ

7(B) = forall Be &

Example 4 establishes neo-additive sources are not empty curiosities.
Proposition 2 strengthens this by showing that, for every non-null ideal event
(G, one can construct a source that treats GG as the “trusted” region and col-
lapses the complement into the ambiguity term. Thus the neo-EU formulas
above are supported by a broad existence result, not by a single canonical
construction.
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Proposition 2. Fiz a non-null event G € E\N. There exists a neo-additive
source w € 11 with domain E™ satisfying

m(A) = % for each A € E™.

5. Related Literature.

For dynamic decision problems with non-additive beliefs and non-neutral
attitudes toward ambiguity, two broad strands of work have developed.

A first, largely statistical strand studies updating rules for non-additive
objects (capacities, sets of priors, belief functions) and the properties of the
induced conditional expectations. Representative contributions include Den-
neberg (1994, 2002), Jaffray (1992), Lehrer (2005), Walley (1991), Shafer
(1976), Lapied et al. (2012), and more recently Gul and Pesendorfer (2021)
and Cerreia-Vioglio et al. (2024).

A second, decision-theoretic strand derives dynamic representations and
updating rules from axioms imposed on ex ante and interim preferences;
non-exhaustive examples include Gilboa and Schmeidler (1993), Sarin and
Wakker (1998), Ghirardato (2002), Pires (2002), Epstein and Schneider (2003),
Wang (2003), Hanany and Klibanoff (2007), Eichberger et al. (2007), and
Siniscalchi (2011).

The present paper follows the decision-theoretic approach. It extends Gul
and Pesendorfer’s (2014) static expected uncertain utility (EUU) to infor-
mation decision problems by introducing a conditional belief system (Def-
inition 4) that specifies pseudo-priors and posteriors for arbitrary signals.
The central feature is that, after any realized signal, the induced interim
preferences retain an EUU form with the same interval utility v (model con-
sistency), are consequentialist in the within-event sense used here, and yield
dynamically consistent contingent plans. This contrasts with approaches
that achieve dynamic consistency by relaxing consequentialism (e.g. Sarin
and Wakker (1998), Siniscalchi (2011)) or with multiple-prior models that
retain both consequentialism and dynamic consistency only under structural
restrictions such as rectangularity (e.g. Epstein and Schneider (2003)).

The interpretation of Definition 4 is related in spirit to “extended Bayesian-
ism” (Piermont, 2021): when a signal is not adapted to ideal events, learning
its realization changes the agent’s ability to refine uncertainty within the re-
alized information cell. Although the agent’s awareness does not expand, the
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distinction between ideal (quantifiable) and diffuse (non-quantifiable) com-
ponents is effectively sharpened upon learning. The conditional belief system
then specifies how the prior ideal content is mapped into interim beliefs over
the relative o-algebra associated with the realized cell.

A natural benchmark for comparison is Ghirardato (2002), who shows
that combining certain notions of consequentialism and dynamic consistency
can force ex ante preferences back to subjective expected utility. The recon-
ciliation is that the interim preference family induced here is signal-dependent:
even for a fixed realization s, the interim functional V.7 () may depend on the
entire signal ¢ and not merely on the conditioning event 0~'(s). In this sense
the present framework retains within-event consequentialism while eschewing
the stronger signal-independence implicit in some tree-based formulations.

Finally, Gul and Pesendorfer (2021) develop a recursive and consequen-
tialist theory of belief revision for two-stage uncertainty under non-additive
beliefs. Their approach constructs, for each signal, a “proxy” object that ren-
ders the signal’s cells unambiguous before applying Bayes-type conditioning
within each cell. The present paper is closest in spirit to this proxy-then-
condition logic, but differs in primitives and scope: the starting point here
is EUU preferences represented by a convex-ranged prior p and interval util-
ity u, and the conditional belief system is derived so as to preserve EUU
model consistency and the consequentialist /dynamic-consistency package on
unrestricted signal/act domains. In applications, this delivers a tractable
dynamic EUU extension without imposing a priori domain restrictions or
rectangularity-type constraints.

Appendix A. Proofs

Proof of Theorem 1
Sufficiency of the axioms

By Assumption 1 there exists a prior ;1 € II with domain £ and an interval
utility u such that the static preferences are represented by the function

V(0,f)=[u (i“,f“) dp. Without loss of generality, set u(m,m) := 1 and
u(l, ) :=0.
Fix a signal 0 € . Let

(i) {EG € €:Q Ca(),Q # 0} denote the ideal split associated with o
as specified in definition 3; and,
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(17) <(p§)s€a(g), (12),. pa>0> denote the uniform conditional belief system
associated with the signal o as specified in definition 4.

For each realization s € o(Q2)*, let 77 denote the binary relation over
acts derived from 7~ by setting for each pair of acts f and g in F, f 27 g if
(U ) f) i: (0- ) gofl(s)f)'

From Axiom 2 (consequentialism) it readily follows that f =7 ¢ if and
only if fo—1h Z7 go—1(5h for all h in F.1?

Applying Assumption 1, let ¢(f) denote the unique outcome in X for
which (0 ) Cg(f)) ~ (U ) f0*1(8)0g<f))'

Since Axiom 1 implies (0,c7(f)) ~ (o,c¢2(f)), it follows from the tran-
sitivity of ~ (which itself is implied by the existence of certainty equivalent
static signal-acts that is guaranteed by Assumption 1) and the definition of
=7 that f ~7 ¢Z(f). That is, ¢Z(f) is the conditional certainty equivalent of
the act f when the realization of the signal o is s.

It will then be enough to show

o) = [ (g 7).

where v is the Bernoulli utility obtained from u by setting v(x) := u(x, z).
That is, each relation 227 admits an EUU representation characterized by the
prior p7 and the interval utility w.

To see why this is sufficient consider the (auxiliary) act f, defined by
setting

14 otherwise

I = { <(f) fweo'(s) and s €a(Q)F

From the definition of the conditional certainty equivalents and by invoking
Axiom 1 we have

(U7f) ~ (Uafo) ~ (0>fo) .
And so, V(0, f,) represents 7.

Establishing v o ¢ admits an EUU representation.
I deem an event E to be ideal with respect to the relation 7Z7 if for every
pair of acts f and g¢:

fZ09ef = fegzlg and f 27 feg = guf 0

13 Thus we can interpret =7 as the decision-maker’s interim preferences over acts when
the realization of the signal o is s.
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In the terminology of Gul and Pesendorfer (2014), the first (respectively,
second) implication corresponds to E being “left-ideal” (respectively, “right-
ideal”).!

Lemma 1. Every event in the collection £ = {ENo~'(s): E € £} is ideal
with respect to 729.

Proof. Fix E € £. From the definition of 777 and Axiom 2 we have for any
pair of acts f and g

f r>\:§ /g\ — <U7fa_1(s)h> i_; (0-7?7\0—1(5)}1)
for any act h. Hence

f ig gEf — (U ’ fo'—l(s)f) i (U ) (gEf>o'—1(s)f)
(applying Axiom 3) => (0,(ng)0—1<5) f) % (0,901 f)
= frg 2

That is, E N o~ !(s) is left-ideal. A similar construction establishes it is
right-ideal as well. ]

Assumption 1 and Axioms 1 — 3 together entail the restriction of =7 to
acts that on the information cell c7(s) are adapted to £7 yield a standard
expected utility representation characterized by a probability u¢ defined on
&7 and a Bernoulli utility v: X — R.

Axiom 4 implies that for each non-null realization s of o, the conditional
certainty equivalent of any diffuse act on an ideal (wrt 7=7) subset of the
information cell 07!(s) is the same as the certainty equivalent of a diffuse
act for the static preferences. Hence, for each outcome interval [z, y] we can
set u?(x,y) := u(z,y). And we have established that -7 admits an EUU
representation with the prior p? defined on £7 and interval utility (-, -).

It remains to show that pg is the probability corresponding to the real-
ization s in the uniform conditional belief system associated with the signal

as specified in definition 4.

1414t follows from Lemma B0 in Gul and Pesendorfer (2014, p25) that both implications
holding is equivalent to an event satisfying their definition of an ideal event.
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__ Since p is convex-ranged, it readily follows for any pair of ideal events
E,E € £, and any natural number n € N, there exists an n-element ideal
partition of F, {E; € £:i=1,...,n} such that

M(EQ::ﬁéﬁzandu<E”1E>::ﬁﬁéglgz.

Hence, it follows any pair of ideal events E,E’ € &£, there exists a pair
of uniform refinement ideal partitions, denoted by {E,: s € o(Q)"} and
{E': s € ()7}, respectively, that are both associated with the signal o and
the former (respectively, the latter) is associated with E (respectively, E’)
as specified in definition 7. Employing the expected utility representations
of the static and conditional preferences over (conditionally) ideal bets with
stakes m and ¢, yields

V(0,mpng,l) = W(ENE,) and V (0, mpre-150) = pI (ENo'(s))
V(0,mpngl) = p(E'NE) and V (0,mpre-1(¢) = pI (E'No"'(s)) .
Hence Axiom 5 implies :
W2 (Eno(s)) > 1 (B No~Y(s)) <= u(ENE,) > u(E'NE)

As this holds for all pairs of ideal events, this in turn entails that 7 (E N o~ (s))
is proportional to u(E N Ey). And since from the construction of the uniformly-
distributed uniform refinement partition we have

p(ENE7)
MEOE)= 2 T
QCo()*: s€Q
dividing the right side of the above equation by the constant of proportion-

ality:
- p(ES
gy = > ME

QCo()t: seQ

yields,
g; u(E?) /1)
Co : S8
,uZ(Eﬁail(s))ZQf( ) €Q :
ps

as required. [

The proof of the necessity of the axioms for a preference relation to admit
an REUU representation is straightforward and thus omitted.
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Proof of Proposition 2

Fix a non-null ideal event G € E\N. As p is convex-valued we can

construct the following sequence of ideal partitions of G, (G',...,G",...).

1. G' := {Gy, Gi} where p(Gj) = u(G1) = p(G)/2
2. G*:={G%,, G3y, G%, G2, } where G2 = G3,UG%,, G} = G3,UG%, and
wu(B) = u(G)/4 for each B € G

n. G" .= {...,G},, G}y, ...}, where b is an n— 1 bit binary number, and
where for each b, G}~! = Gi UG}, and p(GY) = u(GE) = u(G) x 27

Gul and Pesendorfer (2014) show if the continuum hypothesis holds, then
there exists a collection of pairwise disjoint diffuse events { Dy, Do, ...} such
that J, D; = 2. Consider the following sequence of partitions of (2.

1 P = {G{UU; (Daisa N (Q\G)), EL UU; (D2 N (Q\G))}

2. P? .=

{GSO U U (Dsi—s N (Q\G)), G5, U U (Dsi2 N (Q\G)),

Glo U (Daies N (\G)) . GT U (D (Q\G))}

Notice each partition in this sequence is a refinement of its predecessor and
for each n, each element in the partition P has inner measure pu(G)y(27").

So consider the sequence of o-algebras (£™)2 | in which £" is the o- algebra
generated by the partition P". For each n and each A € £", set

' (A) = A)

wG)

By construction, we have for each A € g",

i) = { O
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Finally, take (7, €™) to be the completion of (7, |, 5"), where 7 is the
measure on | J, €™ obtained by setting 7>°(A) := 7(A) for every A€ |, E™.
|
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