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Abstract

We provide a theory of decision under ambiguity that does not require expected utility maximization 
under risk. Instead, we require only that a decision maker be probabilistically sophisticated in evaluating 
a subcollection of acts. Three components determine the decision maker’s ranking of acts: a prior, a map 
from ambiguous acts to equivalent risky lotteries, and a generalized notion of certainty equivalent. The 
prior is Bayesian, defined over the inverse image of acts for which the decision maker is probabilistically 
sophisticated. Ambiguity preferences are similar to Hurwicz, depending on an act’s best- and worst-case 
interpretations. The generalized certainty equivalent may, but need not, come from a Bernoulli utility. The 
ability to combine appealing theories of risk and ambiguity at will has been sought after but missing from 
the literature, and our decomposition provides a promising way forward.
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1. Introduction

Decision makers are said to face ambiguity when they do not have a uniquely defined prior 
over some decision relevant events. For example, climate change projections from different mod-
els provide credible but divergent estimates of the probability distribution of climate sensitivity 
(see the discussion in Heal and Millner, 2014). How a decision maker (DM) responds to ambigu-
ity (as when evaluating climate policies) is a distinct question from how the DM makes calculated 
risks with known probabilities. For instance, it may be that a DM is calculating and level-headed 
when assessing climate change but a maniacal fiend when she enters a casino.

Our goal is to isolate the role of ambiguity, enabling researchers to study it without committing 
to a particular theory of decision under risk. Attitudes toward known risks can be studied in 
some collection of problems on which the DM is probabilistically sophisticated (Cohen et al., 
1987; Machina and Schmeidler, 1992)—that is, on which known probabilities guide her actions, 
regardless of whether she follows expected utility or some other theory of decision under risk. 
Whether the DM is Bayesian in forming beliefs is a different question from whether she has 
a Bernoulli utility function (Machina and Schmeidler, 1995) (or, employing the terminology of 
Nehring (2007), the DM may be probabilistically-sophisticated without necessarily being utility-
sophisticated). Requiring no more than probabilistic sophistication can reassure a researcher that 
findings about behavior under ambiguity are not artifacts of an underlying assumption about 
attitudes toward risks.

This is easier said than done: there have been a slew of negative results showing that, under 
natural assumptions, existing models of decision under ambiguity force the researcher to make 
a choice. Adopt expected utility theory as the decision model for risk, or commit to a world in 
which all non-degenerate events are ambiguous. Beginning with Marinacci’s (2002) results on 
the multiple priors model, this finding was shown by Strzalecki (2011) to apply to the variational 
model (Maccheroni et al., 2006), and generalized by Cerreia-Vioglio et al. (2012) to a wider 
collection of theories of decision under ambiguity.

We do not wish to interpret these formal results as implying that we cannot model all of the 
agent types that we would like. It remains desirable to jointly model non-EU risk preferences 
and common ambiguity preferences, as various attempts show. For example, Nakamura (1995)
provides a joint axiomatization of rank dependent utility (regarding risk) and Choquet expected 
utility (regarding ambiguity). Dean and Ortoleva (2017) propose a possible hedging axiom that 
could drive non-EU behavior under both risk and ambiguity. Similarly, Lleras et al. (2019) char-
acterize preferences which can equally be interpreted as loss averse (non-EU regarding risk) or 
as MEU (ambiguity averse).

Success in this direction, however, remains tied to specific theories of decision under both risk 
and ambiguity. In principle, however, these preference types are independent, and a DM might 
display any combination of risk and ambiguity attitudes. It is therefore desirable to build a theory 
which is agnostic regarding both types of attitude, and in which their effects are isolated. This 
paper aims to provide such a theory: the roles of the DM’s prior probability, attitude toward am-
biguity, and attitude toward known risk are disentangled. In the spirit of Machina and Schmeidler 
(1995), we aim to separate Hurwicz (1951) from Bernoulli, while keeping Bayes.

We address each of these pieces in turn. Our first step is to consider a collection of acts thought 
of as risky. Since the DM is probabilistically sophisticated, she has a prior probability over the 
different consequences of a risky act. We can therefore work with the inverse image along the 
prior of each prize, and restrict attention to lotteries with objective probabilities.



S. Grant et al. / Journal of Economic Theory 199 (2022) 105027 3
Prob 1/2 Prob 1/2
A B C D

f 4 8 4 0
g 4 4 8 0
ĝ 0 8 4 4
f̂ 0 4 8 4

Fig. 1. Example based on Machina (2009) including both risk and ambiguity.

We use risky acts as our building blocks for studying ambiguous acts. Following the approach 
in the expected uncertain utility (EUU) model of Gul and Pesendorfer (2014) (foreshadowed 
partly in Jaffray, 1989), we replace each ambiguous act with a closed interval of risky acts. 
The lower and upper bounds on these intervals correspond to the most extreme cases of how the 
ambiguity might be resolved. The DM’s ambiguity preferences are captured by her unambiguous 
equivalent (monetary prize) for each corresponding interval of prizes.1

The last piece is the DM’s sure equivalent function, which reflects her risk preferences. The 
sure equivalent takes as its input simple lotteries over monetary prizes, built from the prior and the 
unambiguous equivalent. It maps each such lottery to the prize which the DM views as equivalent.

These three pieces give our main result. Given probabilistic sophistication, we show that if a 
DM satisfies axioms similar to those of Gul and Pesendorfer (2014), along with a strengthening 
of Savage’s (1954)’s postulate P3 that embodies a notion of (stochastic) independence between 
risk and ambiguity, then the DM’s preferences can be represented with the composition of our 
three components. This provides a way to generalize Gul and Pesendorfer’s (2014) Expected 
Uncertain Utility (EUU), which we call a Generalized Uncertain Utility (GUU) representation.

A simple example illustrates how these three pieces combine, applying them step-by-step to 
determine the DM’s certainty equivalent. This lets us rank arbitrary acts. The example is related 
to Machina’s (2009) Reflection Effect, which causes problems of one kind or other for most 
major theories of decision under ambiguity (Baillon et al., 2011).2 Both risk and ambiguity are 
present, and by addressing the two separately, we are able to account for common behavior (see 
L’Haridon and Placido, 2010, for experimental evidence).

Let there be four states of the world, referred to as A, B, C, and D. The events {A, B} and 
{C, D} are risky, each occurring with probability 0.5. Beyond these, the DM has no further 
information about any nontrivial events. In keeping with our motivation, we can imagine that 
the setting is one of choice given anticipated climate change. The ambiguous event could be 
whether a particular important species will still be around in 10 years. The risky event could be 
whether an emerging biotechnology will be viable at the end of the same 10-year period (taking 
the liberty of assuming that we can measure this).

For concreteness, consider the acts in Fig. 1. The first observation regarding this choice prob-
lem is that some popular models of decision under ambiguity require indifference between f
and g, and between f̂ and ĝ, while strict preferences are intuitive and common (Machina, 2009; 
L’Haridon and Placido, 2010). The second important observation is that the choice between f
and g is equivalent to the choice between f̂ and ĝ; f̂ is a mirror image of f , and similarly ĝ is a 
mirror image of g. However, Machina (2009) notes that shifting 0 to 4 in event D, then shifting 4
down to 0 in event A allows us to obtain act ĝ from f and f̂ from g. This sequence of common 
outcome tail shifts suggests that a DM who prefers f to g should prefer ĝ to f̂ . Experimentally, 

1 A related approach, viewing ambiguous lotteries as intervals of objective lotteries, is in Hill (2019).
2 An exception is the vector expected utility theory of Siniscalchi (2009).
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however, most subjects’ choices instead reflect the informational symmetry; here, the preference 
between f and g would match the preference between f̂ and ĝ (L’Haridon and Placido, 2010).

Our approach both preserves the indifferences arising from the informational symmetry and 
allows for strict preferences between f and g (as well as their counterparts). In order to show 
how our theory works, we show how an agent’s underlying ambiguity preferences would yield an 
act ranking. Act f gives an uncertain prize of {4, 8} with probability 1/2 and an uncertain prize 
of {0, 4} with probability 1/2. Let u(x, y) be the prize in the set of outcomes X that the DM 
views as equivalent to the ambiguous prize ranging from x to y (where x � y). For example, 
suppose that the DM views an ambiguous outcome between x and y as equally desirable as 
receiving 

√
(x + 1)(y + 1) − 1, similar to the Cobb-Douglas ambiguity preferences Binmore 

(2009) proposes (see the discussion in Grant et al., 2019). Then we can replace f with a lottery 
paying u(4, 8) = √

45 − 1 with probability 1/2 and u(0, 4) = √
5 − 1 with probability 1/2. 

Similarly, we can replace g with a lottery paying u(4, 4) = 4 with probability 1/2 and u(0, 8) = 2
with probability 1/2. Now let s(·) be the sure equivalent. We rank the acts f and g by comparing

c(f )
(
= c(f̂ )

)
= s(0.5, u(4,8);0.5, u(0,4))

= s(0.5,
√

45 − 1;0.5,
√

5 − 1) ≈ s(0.5,5.7;0.5,1.2)

versus c(g)
(= c(ĝ)

)= s(0.5, u(4,4);0.5, u(0,8))

= s(0.5,4;0.5,2)

where c(h) is the certainty equivalent for a given act h.
Clearly there is nothing that requires the certainty equivalents of f and g to be the same in 

this case. If the DM is close to a risk-neutral expected utility maximizer, she would prefer f to g. 
But she might prefer g to f either because she is risk averse and an expected utility maximizer, 
or for many reasons that would be consistent with non-EU decisions under risk: g has a higher 
security level (Gilboa, 1988; Jaffray, 1988; Cohen, 1992), it may appeal to disappointment averse 
decision makers (see Gul, 1991), and so on.

A final feature of our approach is worth noting here. A concern about models involving both 
ambiguity and known risks is that it may be possible for a DM to hedge ambiguity (see Raiffa, 
1961). One way to address this is to relax the requirement that risky events form a σ -algebra, 
instead imposing only that they form a λ-system (Epstein and Zhang, 2001). This idea is taken 
up in the context of probabilistic sophistication by Chew and Sagi (2008), and is the approach 
we follow here.

A formal definition of a λ-system appears in Section 2, but at this stage it is enough to note 
that it is similar to a σ -algebra but with the important difference that it is required to be closed 
only under complements and countable disjoint unions; it need not be closed under intersections. 
For instance, we can imagine a DM who is concerned about climate change and faces decisions 
related to the weather in Canberra. The following example shows in this context why we should 
not expect the set of risky events to be closed under intersections.

Example. A DM is uncertain about both the average maximum temperature and the monthly 
rainfall in Canberra in June next year. She knows that Canberra’s historic mean average maxi-
mum temperature for June is 7°C and its historic mean rainfall for June is 19mm. She also knows 
that average monthly maximum temperature is distributed symmetrically around its historic mean 
while rainfall is not. However, she cannot recall whether the distribution of rainfall is positively 
or negatively skewed. Let T � 7 (respectively, RF � 19) denote the event that Canberra’s aver-
age maximum temperature (respectively, rainfall) in June is greater than or equal to its historic 
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mean, and let T < 7 (respectively, RF < 19) denote the complementary event. Letting p denote 
the unknown probability that the event RF � 19 will obtain, the joint distribution over these four 
events is

RF � 19 RF < 19

T � 7 p/2 (1 − p)/2

T < 7 p/2 (1 − p)/2

Notice that the event “June’s average maximum temperature is above its historic mean” and 
the event “either both June’s average maximum temperature and its rainfall are above their re-
spective historic means or both are below”

= (
(RF � 19) ∩ (

T � 7
))∪ (

(RF < 19) ∩ (
T < 7

))
are both risky (with probability 1/2). However, their intersection, the event “both June’s average 
maximum temperature and its rainfall are above their respective historic means”

= (RF � 19) ∩ (
T � 7

)
has unknown probability and hence is not risky. That is, the set of risky events is not closed under 
intersection although casual inspection reveals that the above collection of risky events is closed 
under complements and disjoint unions. A λ-system is thus the more appropriate structure to 
represent the collection of risky events.

The rest of the paper is organized as follows. We begin with the basic set-up in Section 2. 
We then present in Section 3 the formal definition of the family of Generalized Uncertain Utility 
maximizers which is followed in Section 4 with our set of axioms and representation theorem. 
Section 5 provides one way to endogenize the collection of risky events that were taken as given 
in our axiomatization. We achieve this by employing Epstein and Zhang’s (2001) behavioral 
definition for classifying unambiguous events. In Section 6 we present a finite state version of 
the model. We conclude in Section 7 with two examples that demonstrate the two broad ways 
in which the family of GUU maximizers extends Gul and Pesendorfer’s (2014) family of EUU 
maximizers. Unless stated otherwise, proofs appear in the appendix.

2. Preliminaries

We employ Gul and Pesendorfer’s (2014) version of a Savage (1954) setting of purely subjec-
tive uncertainty. The set of final prizes X = [�, m], � < m is a non-degenerate interval of the real 
line. Let � be the state space. For any pair of events A, B ⊆ �, B\A denotes the set of elements 
that are in B but not in A. Hence �\A denotes the complement of A. The objects of choice, 
denoted by F , are elements of the set of simple acts, that is, mappings f : � → X with finite 
range. The decision maker (hereafter, DM) is characterized by her preferences over acts, a binary 
relation � on F .

We identify any x ∈ X with the (constant) act f in which f (ω) = x for all ω. For any pair of 
acts f and g in F and any event A ⊂ �, we write fAg for the act that agrees with f on A and 
with g on �\A.

In addition to the primitives �, X, and �, we fix a collection R of subsets of � to denote the 
set of risky events. These are the events to which the DM can assign a unique prior. A subset of 
the risky events are the null events to which the DM can assign zero weight. Formally, an event 
N is null if f ∼ gNf for all f, g ∈ F . We denote by N the set of null events.
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In view of the arguments presented in Epstein and Zhang (2001) and illustrated by the example 
from Section 1 above, it is natural that the class of risky events for a DM need only comprise a 
λ-system (also known as a Dynkin system) of subsets of the state space rather than a full-blown 
σ -algebra. That is, assume R satisfies the following three conditions:

R.1 � ∈ R;
R.2 R ∈R implies �\R ∈R (that is, R is closed under complements); and
R.3 Rn ∈ R , n = 1, 2, . . . and Rn ∩ Rm = ∅ for all n �= m, implies 

⋃∞
n=1 Rn ∈ R (that is, R is 

closed under countable disjoint unions).

In the sequel, it will sometimes be convenient to invoke two additional conditions that a λ-
system satisfies, as the following lemma shows (for a proof see Epstein and Zhang, 2001, p. 270).

Lemma 1 (Epstein and Zhang’s (2001) Lemma 2.1). If the collection of risky events R satisfies 
conditions R.1 − R.3 then it also satisfies:

R.4 R , R′ ∈ R and R ⊆ R′ =⇒ R′\R ∈ R (that is, R is closed under relative complements); 
and

R.5 Rn ∈ R and Rn ⊆ Rn+1 , n = 1, 2, . . . , =⇒ ⋃∞
n=1 Rn ∈ R (that is, R is closed under 

taking the union of an increasing, in terms of set inclusion, sequence of sets).

We call an act g risky if it is measurable with respect to R, that is, g−1(x) ∈ R for all x ∈ X. 
Let G ⊂ F denote the set of risky acts.

Following Gul and Pesendorfer’s (2014) approach, we suppose the DM uses elements of non-
null risky events (that is, R ∈ R \ N ) to quantify the uncertainty of any event. In particular, if 
two events contain exactly the same elements of R \N and the same is true of their respective 
complements then the DM should be indifferent between betting on either of these events. In 
light of this, a maximally ambiguous event is one for which it and its complement contain no 
element of R \ N . Adopting the terminology of Gul and Pesendorfer (2014), we will refer to 
such a maximally ambiguous event as diffuse. More formally, an event D ⊂ � is diffuse if, for 
every non-null risky event R ∈ R \ N , we have both D ∩ R �= ∅ (that is, D intersects R) and 
(� \ D) ∩ R �= ∅ (the complement of D intersects R). We denote by D the set of diffuse events.

We say an act h is diffuse if its inverse image generates a diffuse partition of �, that is, 
h−1(x) ∈ D for all x ∈ X such that h−1(x) �= ∅. Let H ⊂ F denote the set of diffuse acts.

3. Generalized uncertain utility maximization

We begin our description of a Generalized Uncertain Utility (GUU) maximizer with the def-
inition of a prior, a probability measure that quantifies precisely the uncertainty associated with 
risky events.

Definition 1 (Prior). A prior π is a countably-additive and convex-ranged probability measure 
defined on the set of risky events R.
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Countable additivity is defined in the usual way. Convex-ranged means that for any A ∈ R
and any r ∈ (0, 1) there exists a risky event B ∈R such that B ⊂ A for which π(B) = rπ(A).3 If 
we associate a prior π with a DM’s preference relation �, then we may view the restriction of �
to the set of risky acts G as reflecting the DM’s risk preferences. We use the prior π to map each 
risky act in G to a lottery, as follows: let �0(X) denote the set of simple lotteries defined on X. 
That is, each L ∈ �0(X) is a finite ranged function L : X → [0, 1] satisfying 

∑
x∈X L(x) = 1. 

For each f ∈ G, let π ◦ f −1 denote the lottery L ∈ �0(X) in which L(x) = π ◦ f −1(x). In order 
for the restriction of � to G to fully characterize the DM’s risk preferences, the range of the 
mapping f �→ π ◦ f −1(x) should be �0(X).

Lemma 2 establishes that this is indeed the case. The proof uses the convex-ranged property 
of the prior.

Lemma 2. Fix a prior π . Then, for each lottery L ∈ �0(X) there exists an act f ∈ G such that 
π ◦ f −1 = L.

A natural way to represent a DM’s risk preferences over �0(X) is by associating each lottery 
with its sure equivalent, that is, with the (for sure) prize which the DM would view as equally 
desirable as the lottery. Since we wish to allow for risk preferences that can accommodate Allais-
type paradoxes, we follow Epstein and Zhang (2001) and take no stand on what properties sure 
equivalents must have apart from requiring them to exhibit a standard form of (stochastic) mono-
tonicity and (mixture) continuity.

For each x ∈ X, let [x] denote the degenerate lottery that yields x with probability 1.4 The 
sure equivalent of a lottery is formally expressed as follows.

Definition 2 (Sure Equivalent). A sure equivalent is a monotonic and mixture continuous func-
tion s : �0(X) → X satisfying s([x]) = x for all x in X. Monotonicity requires respecting the 
(partial) ordering of first-order stochastic dominance. That is, s(L) � s(L′) whenever∑

y�x

L(y) �
∑
y�x

L′(y) for all x ∈ X ,

with s(L) > s(L′) if the inequality above holds strictly for some x ∈ X. Mixture continuity re-
quires that for any three lotteries L, L′, L′′ ∈ �(X) the sets{

γ ∈ [0,1] : s (γL + (1 − γL′)
)
� s(L′′)

}
and{

γ ∈ [0,1] : s (γL + (1 − γL′)
)
� s(L′′)

}
are closed.

Although we expressly wish to allow for risk preferences that do not conform to expected 
utility theory, if the DM were an expected utility maximizer (over risky acts), then that would 
imply the existence of an increasing Bernoulli utility index V : X → R such that

s(L) = V −1

(∑
x∈X

L(x)V (x)

)
.

3 Notice that this requires the cardinality of the state space � is at least that of the continuum and that the set of null 
events N is complete.

4 That is, [x](x) = 1 and, for every y �= x, [x](y) = 0.
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To accommodate Allais-type behavior, Machina and Schmeidler (1992) introduce the concept 
of a probabilistically sophisticated DM whose preferences over risky acts in the current setting 
can be characterized by a prior and a sure equivalent:

Definition 3 (Probabilistic Sophistication). The preference relation � is probabilistically sophis-
ticated with respect to the set of risky events R if there exists a prior π and a sure equivalent s
such that for every pair of acts f and g in G,

f � g ⇐⇒ s
(
π ◦ f −1

)
� s

(
π ◦ g−1

)
.

We initially take probabilistic sophistication as our starting point, but we provide in Section 5 a 
purely subjective (that is, preference-based) derivation of the set of risky events based on Epstein 
and Zhang’s (2001) axiomatization.5

In order to evaluate an act that is not risky, we assume (analogous to Gul and Pesendorfer, 
2014) that the DM constructs a greatest lower-bound risky act and a least upper-bound risky 
act that together form what we refer to as a risky envelope for that act. Moreover, we require 
that every element of the coarsest common refinement of the two partitions induced by the two 
bounds is in R. We define these bounds as follows.

Definition 4 (Risky Envelope). Fix an act f ∈ F . Say that 
[
f , f̄

]
with f , f̄ ∈ R constitutes a 

risky envelope of f if f � f � f̄ and, for any risky act g ∈ G :

(i) f � g =⇒
{
ω ∈ � : f (ω) < g(ω)

}
is null;

(ii) f � g =⇒ {
ω ∈ � : f̄ (ω) > g(ω)

}
is null;

(iii) f −1(x) ∩ f̄ −1(y) ∈ R, for all x , y in X.

Below, we refer to f (respectively, f̄ ) as a risky lower-sleeve (respectively, risky upper-sleeve) 
of f . As the following lemma establishes, the concept of a risky envelope is well-defined for a 
probabilistically sophisticated preference relation.

Lemma 3. Fix a probabilistically sophisticated preference relation �. Then every act f ∈ F has 
a risky envelope.

In particular, it turns out that for any diffuse act h ∈ H, its risky-envelope 
[
h , h̄

]
comprises 

two constant acts x and y, where x, its risky lower-sleeve, is defined as

x = min{z ∈ X : h−1(z) �= ∅}
and y, its risky upper-sleeve, is defined as

y = max{z ∈ X : h−1(z) �= ∅}.

5 Kopylov (2007) formulates a characterization of probabilistic sophistication in an even more general setting, where 
risky events form a mosaic (see also Abdellaoui and Wakker, 2005). In particular, a mosaic need not be closed under 
disjoint unions. Moreover, Kopylov’s representation result shows that the agreeing probability need only be finitely 
additive and in general need not be convex ranged. This is too general a setting for us, as our Lemma 2 would not hold, 
preventing us from recovering the decision-maker’s full risk preferences.
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That is, its risky envelope is an interval of prizes [x , y].
Mirroring the treatment of sure equivalents above, a natural way to represent a DM’s prefer-

ences over intervals of prizes is by associating each interval with its unambiguous equivalent, that 
is, with the unambiguous (for sure) prize which the DM would view as equally desirable as the 
interval. The unambiguous equivalent of an interval of prizes is formally expressed as follows.

Definition 5 (Unambiguous Equivalent). An unambiguous equivalent is a monotonic function 
u : {(x, y) ∈ X × X : x � y} −→ X satisfying u(x, x) = x for all x in X.

We now have all the ingredients needed to state the formal definition of a Generalized Uncer-
tain Utility (GUU) maximizer.

Definition 6 (The Class of GUU Maximizers). A preference relation � is a member of the class 
of Generalized Uncertain Utility maximizers if there exists a triple 〈π ,u , s〉, where π is a prior, 
u is an unambiguous equivalent, and s is a sure equivalent, such that � is represented by the 

certainty equivalent c (f ) = s

(
π ◦ u

(
f , f̄

)−1
)

, where π ◦ u 
(
f , f̄

)−1
is the lottery given by

π ◦ u
(
f , f̄

)−1
(x) = π

({
ω ∈ � : u

(
f (ω) , f̄ (ω)

)
= x

})
.

4. Characterization

Turning now to the characterization, we begin with four axioms from Gul and Pesendorfer 
(2014) that we dub Ordering, Monotonicity, Continuity and Diffuse-Event Exchangeability, re-
spectively.

Axiom 1 (Ordering). The binary relation � is complete and transitive.

Axiom 2 (Monotonicity). For any pair of acts f, g ∈ F , if f > g, then f � g.

Axiom 3 (Continuity). For any sequence of acts {fn} and any pair of acts g and h, if g � fn � h

for all n and fn converges uniformly to f , then g � f � h.

Axiom 4 (Diffuse-Event Exchangeability). For any pair of consequences x , y ∈ X, any non-null 
risky event R ∈R\N and any pair of diffuse events D , D′ in D,

xD∩Ry ∼ xD′∩Ry .

Ordering and Monotonicity are standard. Gul and Pesendorfer (2014) note that Continuity is 
what would be required to get a continuous Bernoullian utility index when proving Savage’s 
theorem in a setting with real-valued prizes. Here it serves a similar role to ensure that the unam-
biguous equivalent is continuous.

Diffuse Event Exchangeability requires the DM to be indifferent between betting on (or 
against) a pair of events R ∩ D and R ∩ D′ whenever R is risky and both D and D′ are dif-
fuse. To motivate this axiom, Gul and Pesendorfer point out that this accords with their main 
hypothesis of a DM using non-null risky events to calibrate the events she views as ambiguous. 
Notice that neither R ∩ D nor R ∩ D′ contain any non-null risky events while their respective 
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complements contain exactly the same collection of risky events. Diffuse-Event Exchangeability 
is thus an implication of this hypothesis.

Intuitions may pull in different directions regarding this axiom. In support of Diffuse Event 
Exchangeability, recall the exchange between Jevons and Keynes regarding how to assign proba-
bilities to events about which we are radically uncertain. Consider the events that “a Platythliptic 
Coefficient is positive,” “a Platythliptic Coefficient is a perfect cube,” and “a Platythliptic Co-
efficient is allogeneous” (Jevons 1877, pg. 212, Keynes 1921, pg. 46). Diffuse events are to be 
understood as at least as mysterious as these, and the axiom reflects the intuition that the agent 
will not prefer to bet on one rather than another (the possible intuition that positive numbers 
are a priori more likely than perfect cubes notwithstanding). Intuitions may pull in the oppo-
site direction if we consider the events “a Platythliptic Coefficient is between 0 and 5” and “a 
Platythliptic Coefficient is between 0 and 100.” Since the first event is a subset of the second, 
it may seem to have a smaller probability, and it may therefore seem wise to prefer to bet on a 
risky event conjoined with the second rather than with the first.6 If so, this example would be 
a counterexample to Diffuse Event Exchangeability. For present purposes we reject this coun-
terexample, for the following reason: the intuition that the second event is larger than the first is 
a geometric intuition; we can imagine the second event taking up far more space if we were to 
draw the possibilities. Our framework is a measure-theoretic one, however, and so probabilities 
are not evaluated according to a geometric conception of size. Furthermore, it is known that these 
two ways of evaluating size can come apart in surprising ways (see e.g. Banach and Tarski 1924, 
Oxtoby 1980, pg. 8). Hence, we argue that the first kind of intuition is the relevant one here. Ex-
ploring ambiguity attitude from a geometric perspective might well be interesting, but is beyond 
the scope of this paper.

The next axiom, a strengthening of Savage’s postulate P3, applies to pairs of acts that differ 
only on a risky event, and where conditional on that risky event obtaining, each act has a (maxi-
mally) ambiguous bet based on whether or not a particular diffuse event obtains.7 It embodies the 
idea that the preference a DM expresses between such a pair of ambiguous bets is (stochastically) 
independent of “risk” by requiring the conditional preference to be governed by the DM’s un-
conditional preference, irrespective of what might arise should the conditioning risky event not 
obtain. Recall that by definition, each diffuse event intersects with every non-null risky event. 
Thus the realization of a risky event might reasonably be viewed by the DM as providing her 
with no information about bets based on diffuse events.

Axiom 5 (Conditional Diffuse-Bet Independence). For any four prizes x, x∗, y, y∗ in X, any act 
f ∈ F , any non-null risky event R ∈ R \N , and any pair of diffuse events D, D̂ ∈D,(

x∗
Dx

)
R

f � (y ∗̂
D

y)Rf ⇐⇒ x∗
Dx � y ∗̂

D
y .

In conjunction with the first four axioms, Axiom 5 provides us with a characterization of the 
class of Generalized Uncertain Utility maximizers, our main representation result.

Theorem 4. Suppose the preference relation � is probabilistically sophisticated.
Then the following are equivalent.

6 We thank an anonymous referee for pressing us regarding an example of this type.
7 Savage’s P3 corresponds to the case in which x = x∗ and y = y∗ .
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1. The preference relation � satisfies Axioms 1–5.
2. The preference relation � admits a GUU representation.

5. Endogeneously determined risk

In the foregoing, the set R of risky events is taken as given. This may be unobjectionable 
in some circumstances—for example in a casino—but in other circumstances agents may differ 
in which events they see as risky and which as ambiguous. In such cases, it is desirable to ac-
knowledge the subjective aspect of ambiguity, and to infer which events the DM views as risky 
from their behavior if possible. We do not rule out this approach: in this section, we provide a 
way to endogenize the set of events that the decision-maker views as unambiguous. We do so by 
utilizing Epstein and Zhang’s (2001) behavioral definition for classifying unambiguous events. 
We discuss the prospects for endogenously-defined risk at the end of the section.

Definition 7 (Unambiguous Events). An event R is unambiguous if:

(a) for all subsets B of � \ R, all outcomes x, y, z, z′ in X, and all acts f , g , h ∈ F , such that 
f −1({x, y}) = g−1({x, y}) = �,

fBzRh � gBzRh =⇒ fBz′
Rh � gBz′

Rh; and,

(b) the condition obtained if in (a) the event R is replaced everywhere by � \R is also satisfied.

Otherwise R is ambiguous. We denote by U the set of unambiguous events.

Since the defining invariance condition holds both for R = ∅ (with � \R = �) and for R = �

(with � \ R = ∅) we see that both ∅ and � are naturally classified as unambiguous. Similarly, 
every null event N in N and its complement � \ N are also classified as unambiguous. More 
generally, as Epstein and Zhang (2001) note, the requirement that the defining invariance con-
dition holds for both an event and its complement builds into the definition the intuitive feature 
that an event is classified as unambiguous if and only if its complement is.

To provide insight as to why their defining invariance condition is the appropriate one for 
determining when an event should be deemed unambiguous, Epstein and Zhang (2001) begin 
by pointing out that the first two acts being compared yield identical outcomes if a state outside 
of B is realized. So the comparison may be viewed as one between bets conditional on B with 
stakes x and y and outcomes shown for � \B . If x > y then the indicated ranking reveals that the 
DM views the event f −1(x) ∩ g−1(y) ∩ B as conditionally more likely than the (disjoint) event 
f −1(y) ∩ g−1(x) ∩ B .8 Hence, the key invariance property is that this conditional likelihood 
ranking be unaffected by changing the outcome from z to z′ on the putatively unambiguous 
R. Epstein and Zhang go on to highlight that the constancy of the acts being compared on the 
putatively unambiguous R is natural since the definition has been designed to reveal that R in 
its entirety is unambiguous and need not (and, indeed, should not) imply anything about the 
ambiguity status of its subsets.

8 Notice that the other two (disjoint) subsets of B , f −1(x) ∩ g−1(x) ∩ B and f −1(y) ∩ g−1(y) ∩ B yield the same 
outcome for the two acts being compared.
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We shall call an act unambiguous if it is measurable with respect to U , that is, f −1(x) ∈ U for 
all x ∈ X. At the risk of slightly overloading our previous notation, in this section G ⊂ F shall 
denote the set of unambiguous acts.

Fixing a function ρ : � → {1, . . . ,N}, let �ρ denote the partition on � generated by ρ. 
That is, �ρ = {E1, . . . ,EN }, with En = ρ−1(n) for n = 1, . . . , N . Let Fρ denote the set of acts 
adapted to �ρ . That is, if f ∈ Fρ then for all x ∈ X and all n ∈ {1, . . . ,N} either f −1(x) ∩
ρ−1(n) = ∅ or f −1(x) ∩ ρ−1(n) = ρ−1(n). For any act in Fρ if we permute its outcomes on the 
elements of the partition �ρ then the resulting act is also in Fρ . More precisely, fix an act f in 
Fρ and a permutation σ : {1, . . . ,N} → {1, . . . ,N}, denote by fσ the act in Fρ for which

fσ (ω) = f
(
ω′) where ω′ ∈ ρ−1 ◦ σ ◦ ρ(ω) .

The next definition states properties of the preference relation that should hold with regard to 
a partition of unambiguous events that the DM assesses as all being equally likely. To see why, 
notice that if the function ρ generates the partition �ρ = {E1, . . . ,EN }, with En = ρ−1(n) for 
n = 1, . . . , N , and the DM’s prior π places equal-weight (of 1/N ) on each element of �ρ , then 
for any act f in Fρ it follows that π ◦ f −1 = π ◦ f −1

σ for every permutation σ : {1, . . . ,N} →
{1, . . . ,N}. Hence probabilistic sophistication requires that all these acts must reside in the same 
indifference set.

Definition 8 (Strongly uniform (unambiguous) partitions). Fix ρ : � → {1, . . . ,N}. The partition 
�ρ is strongly uniform if

(i) ρ−1(n) ∈ U for all n = 1, . . . , N ; and,
(ii) for every f in Fρ

f ∼ fσ for every permutation σ : {1, . . . ,N} → {1, . . . ,N} .

The final definition states the form of convergence we require for unambiguous acts that 
ensures the set of unambiguous events U satisfies the countable closure condition R.3 of a λ-
system.

Definition 9 (Converging (in Preference) Sequences). A sequence of (unambiguous) acts {gn}∞n=1
in G converges in preference to g∞ if for any two (unambiguous) acts g∗ and g∗ in G satisfying 
g∗ � g∞ � g∗ there exists an integer N such that g∗ � gn � g∗ whenever n � N .

The following five postulates (with their names) are taken from Epstein and Zhang (2001), 
albeit with the adaptations appropriate for Gul and Pesendorfer’s (2014) setting with bounded 
monetary outcomes.

Eventwise Monotonicity (Postulate 1) and Weak Comparative Probability (Postulate 2) are 
Savage’s (1954) postulates P3 and P4, respectively, with the former being necessary (and suf-
ficient) for the certainty equivalent representation of the restriction of the DM’s preferences to 
unambiguous acts to exhibit stochastic monotonicity, and the latter ensuring that the derived like-
lihood relation over events obtained from the DM’s “betting preferences” do not depend on the 
stakes of those bets.9

9 Recall Eventwise Monotonicity (Savage’s (1954) P3) is implied by Axiom 5.
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Small Unambiguous Event Continuity (Postulate 3) ensures the set of unambiguous events is 
rich in the sense that any partition of non-diffuse events can be refined into a partition of (smaller) 
unambiguous events. As Epstein and Zhang (2001) highlight, its formulation differs from Sav-
age’s P6 so as to allow for the possibility that unambiguous events may not be closed under 
intersection. In conjunction with Monotone Continuity (Postulate 4) it also plays a crucial role 
in establishing the mixture monotonicity of the certainty equivalent representation. In addition, 
Monotone Continuity guarantees the agreeing probability over the set of unambiguous events is 
both countably additive and convex-ranged.

Strong Partition Neutrality (Postulate 5), the fifth and final postulate taken from Epstein and 
Zhang (2001), ensures for any pair of uniform partitions of unambiguous events with common 
cardinality, if we take one act that is adapted to one partition and another act that is adapted to 
the other partition, then those two acts are mapped by the agreeing probability to the same lottery 
only if they resided in the same indifference set.10

Postulate 1 (Eventwise Monotonicity). For any non-null unambiguous event R ∈ U \N , any act 
f ∈ F and any pair of consequences x , y ∈ X, x > y if and only if xRf � yRf .

Postulate 2 (Weak Comparative Probability). For all w, x , y , z ∈ X and all pairs of unambigu-
ous events R , R′ ∈ U , if w > z and x > y then

wRz � wR′z =⇒ xRy � xR′y .

Postulate 3 (Small Unambiguous Event Continuity). Fix a pair of functions ρ1 : � → {1, . . . , n}
and ρ2 : � → {1, . . . ,m} such that ρ−1

1 (i) ∈ U for all i in {1, . . . , n} and ρ−1
2 (j) ∈ U for all j in 

{1, . . . ,m}. Then, for any pair of (unambiguous) acts f ∈ Fρ1 and g ∈ Fρ2 , if f � g then there 
exists two functions ρ̂1 : � → {1, . . . ,N} and ρ̂2 : � → {1, . . . ,M} such that �ρ̂1 refines �ρ1 , 
�ρ̂2 refines �ρ2 , and

ρ̂−1
1 (i) ∈ U , x

ρ̂−1
1

f � g for all i ∈ {1, . . . ,N} ,

ρ̂−1
2 (j) ∈ U , f � x

ρ̂−1
2

g for all j ∈ {1, . . . ,M} .

Postulate 4 (Monotone Continuity). For any unambiguous event R in U , any pair of outcomes 
x∗ > x, any unambiguous act g in G, and decreasing sequence of unambiguous events {An}∞n=1
in U with A1 ⊆ R define

Rn = R ∩ (�\An) , A∞ =
⋂∞

n=1
An, R∞ = R ∩ (�\A∞) ,

fn = x∗
An

xRng, f∞ = x∗
A∞xR∞g.

If fn is in G for all n = 1, 2, . . . then {fn}∞n=1 converges in preference to f∞ and f∞ is in G.

Postulate 5 (Strong Partition Neutrality). Fix a pair of functions ρ1, ρ2 : � → {1, . . . , n}. If the 
partitions �ρ1 and �ρ2 are strongly uniform then for any f in Fρ1

f ∼ g

10 Epstein and Zhang’s (2001) non-degeneracy axiom is not required since we are working with a one-dimensional 
outcome set with an intrinsic natural order. Hence non-degeneracy follows directly from Postulate 1.
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for any act g in Fρ2 for which there exists a permutation σ : {1, . . . , n} → {1, . . . , n} such that 
for every ω ∈ �

g(ω) = f (ω′) for some ω′ ∈ ρ−1
1 ◦ σ ◦ ρ2(ω) .

Together these postulates provide a characterization of a probabilistically sophisticated pref-
erence relation in which the corresponding set of risky events is U , the set of events satisfying 
Epstein and Zhang’s (2001) behavioral definition for classifying an event as unambiguous.

Theorem 5. Suppose the preference relation � satisfies Axiom 1 (Ordering) and Postulate 1
(Eventwise Monotonicity) and the corresponding set of unambiguous events U is a λ-system. 
Then the following are equivalent.

1. The preference relation � satisfies Postulates 2–5.
2. The preference relation � is probabilistically sophisticated with respect to U .

The proof of this theorem follows immediately from the proof of Epstein and Zhang (2001, 
Theorem 5.2, p280). However, we follow Nehring’s (2006) (corrected) reformulation as we note, 
in contrast to Epstein and Zhang’s (2001) original statement, the λ-system property of U is part 
of the hypothesis of our theorem and is not derived from the postulates.11

Epstein and Zhang’s (2001) behavioral definition for classifying unambiguous events has 
not gone unchallenged. Nehring (2006) and Wakker (2008) present examples that they con-
tend demonstrate a failure of this definition to achieve the intended separation of probabilistic 
risk from ambiguity. Nehring goes so far as to suggest that it may be impossible to infer what 
a DM views as unambiguous from a (purely) “behaviorist revealed preference approach”. He 
suggests instead that we may need to inject more epistemic content into the definition of what is 
unambiguous, say by imputing probabilistic beliefs on the basis of verbal testimony of the DM 
or a shared understanding of certain aspects of the decision setting, an approach he develops in 
Nehring (2009).

It is not necessary for us to take a stand on these issues here. Rather, we conclude this section 
by noting that our approach is compatible with an endogenous definition of ambiguity, but does 
not require it. Should any approach for classifying (un)ambiguous events achieve some degree 
of acceptance in the literature—whether it be “behaviorist” or something with a more nuanced 
epistemic flavor along the lines suggested by Nerhring—it can readily be incorporated into our 
main representation result, Theorem 4, as the analysis in this section shows.

6. GUU in a small world

Formally a GUU certainty equivalent as specified in Definition 6 requires an infinite state 
space. In many applications, however, the collection of acts under consideration, even if the car-
dinality of this collection is uncountably infinite, has the following feature: the coarsest common 
refinement of the partitions of the state space associated with these acts has finite cardinality. 
That is, we can view this coarsest common refinement as corresponding to a small world with 
a finite “state” space, �. The space � is naturally interpreted as the partition of the underlying 

11 As Kopylov (2007, Theorem 5.1, p246) demonstrates, U need only be closed under disjoint unions of a particular 
kind. He refers to the resulting generalization of a λ-system, as a “mosaic”.
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large world (that is, infinite) state space � to which all the acts under consideration are adapted. 
The onto function ρ : � → � describes this partition in the sense that the state θ ∈ � is the one 
that is realized in the small world whenever the event ρ−1(θ) in the large world obtains.

For this small world, let a : � → [� ,m] denote a (small-world) act and let A denote the set 
of (small-world) acts. The act a ∈ A in this small world corresponds to the act f = a ◦ ρ in the 
underlying large world.

As a direct analogy to the reasoning of Gul and Pesendorfer (2014, sec. 4), in which they 
define an EUU maximizer for a small world, we propose the following definition.12

Definition 10. A preference relation � on A is a member of the set of small world GUU max-
imizers if there exists a triple 〈μ,u, s〉, where μ is a probability on the power set of �, u is an 
unambiguous equivalent, and s is a sure equivalent, such that � is represented by the certainty 
equivalent:

ĉ (a) = s

⎛⎝∑
B⊆�

[u(min
θ∈B

a (θ) ,max
θ∈B

a (θ))]μ(B)

⎞⎠ .

One special case is where the support of the probability μ is the set of singleton events 
{{θ} : θ ∈ �} so that μ(A) = 0 for all non-singleton events A. In this case, for every small-
world act a ∈ A, the corresponding large-world act a ◦ ρ is in G and so the certainty equivalent 
is given by s

(∑
θ∈�[u (a(θ))]μ({θ})).

The next result, essentially a corollary of Gul and Pesendorfer’s (2014) Theorem 4, establishes 
that if we fix a GUU maximizing preference on the large world, then each onto function ρ : � →
� induces a corresponding small world GUU maximizing preference relation. Moreover, the 
large world prior does not constrain in any way what form the probability on the power set of �
can take, as we can always find an onto function ρ : � → � to induce such a probability.

Theorem 6. Fix a GUU maximizer � characterized by the triple 〈π,u, s〉 and fix a finite set �.

1. For every onto function ρ : � → �, there is a unique probability μ on the power set of �, 
such that, for all a ∈ A,

s

(
π ◦ u

(
a ◦ ρ,a ◦ ρ

)−1
)

= s

⎛⎝∑
B⊆�

[u(min
θ∈B

a (θ) , max
θ∈B

a (θ))]μ(B)

⎞⎠ .

2. For every probability μ on the power set of �, there exists an onto function ρ : � → �, such 
that, for all a ∈A,

s

(
π ◦ u

(
a ◦ ρ,a ◦ ρ

)−1
)

= s

⎛⎝∑
B⊆�

[u(min
θ∈B

a (θ) , max
θ∈B

a (θ))]μ(B)

⎞⎠ .

Echoing Gul and Pesendorfer (2014), we note that the probability μ that forms part of the 
characterization of a small-world GUU maximizer can be interpreted as a basic belief assign-

12 As a reminder of our notation for degenerate lotteries, recall [x] denotes the degenerate lottery that yields x with 
probability 1.
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ment, a central concept in the Dempster-Shafer theory of evidence that generalizes the Bayesian 
theory of subjective probability to allow for imprecision in a DM’s beliefs about events. From μ
we can derive two capacities by setting for each B ⊆ � : 13

bel(B) :=
∑
C⊆B

μ(C) and pl(B) :=
∑

C∩B �=∅

μ(C) .

The former is called the belief function and is interpreted as a lower bound on the probability of 
an event, while the latter is called the plausibility function and is interpreted as an upper bound 
on the probability of an event. It readily follows that the two functions are conjugate duals, that 
is, bel(B) = 1 − pl(� \ B). The interpretation is that the quantity bel(B) is the weight given to 
evidence that directly supports B will obtain while pl(B) is the weight given to all the evidence 
both direct and indirect in support of B obtaining. This accords neatly with the prior on the 
underlying large world since it follows from the proof of Lemma 3 (the existence of an envelope 
for any large-world act) that

bel (B) = sup
R∈R,R⊆ρ−1(B)

π (R) and pl (B) = inf
R∈R,R⊇ρ−1(B)

π (R) .

That is, noting that ρ−1(B) is set of large-world states that map to B , bel(B) corresponds to the 
probability of the “largest” measurable event that lies inside ρ−1(B), while pl(B) corresponds 
to the probability of the “smallest” measurable event in which B resides.

This extension to Bayesian probability theory has been incorporated into decision theory for 
linear (that is, expected) utility by (among others) Jaffray (1989), and so one can view Gul and 
Pesendorfer (2014) as providing it with a subjective foundation. Our contribution is to establish 
that there is nothing inherent in the Dempster-Shafer theory of evidence that necessitates the 
evaluation of an act via a linear expectation. That is, we have established for small worlds that 
it is perfectly possible to employ the Dempster-Shafer theory of evidence without requiring a 
Bernoulli utility.

7. Two examples

We conclude with two examples illustrating how the family of Generalized Uncertain Utility 
maximizers is broader than the families modeled by existing theories.

The first example shows how we can represent Expected Uncertain Utility maximizing pref-
erences (Gul and Pesendorfer, 2014), but where the set of events the DM views as risky does not 
form a σ -algebra. The second example demonstrates that our theory indeed allows us to represent 
agents with additional combinations of risk and ambiguity preferences. Specifically, the agent’s 
preferences over the perceived risky acts are represented by a rank-dependent utility functional. 
Moreover, even though the DM’s prior is defined on a σ -algebra of risky events, the only events 
that are ideal, that is, satisfy the property Gul and Pesendorfer (2014) require for an event to be 
deemed unambiguous, are ones for which the prior assigns probability zero or probability one. 
Taken together, these examples show the flexibility and modularity of our approach.

13 A capacity β is a normalized monotonic function defined over subsets of �. That is, β(∅) = 0, β(�) = 1, and 
β(C) � β(B) whenever B ⊂ C.
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Example: EUU without a σ -algebra of risky events

The state space is the unit square, that is, � = �1 × �2 = [0, 1] × [0, 1]. Let L denote the set 
of (Lebesgue) measurable subsets of �.

Fix the triple 〈π1 , u1 , s1〉 where the prior π1 will be defined in detail below, u1 is the (extreme 
ambiguity-averse) unambiguous equivalent u1(x, y) = x, and s1 is the simple arithmetic mean. 
The preference relation �1 is generated by the certainty equivalent:

c1 (f ) = s1(π1 ◦ u−1
1

(
f , f̄

)
) =

∑
x∈X

π1

(
f −1 (x)

)
x .

The prior π1 is defined by a collection of probability measures on a domain over which these 
probability measures agree. We take this collection of probability measures to be the set of convex 
combinations of a pair of probability measures μ0 and μ1: where μ0 is the (unique) probability 
measure on L with support {(ω1,ω2) ∈ � : ω1 − ω2 � 0}, and density

μ̂0 (ω1,ω2) =
{

1/ω1 if ω1 − ω2 � 0
0 otherwise

;

and where μ1 is the (unique) probability measure on L with support {(ω1, ω2) ∈ � : ω1 + ω2 �
1}, and density

μ̂1 (ω1,ω2) =
{

1/ (1 − ω1) if ω1 + ω2 � 1
0 otherwise

.

For each α ∈ (0, 1), set μα := αμ1 + (1 − α)μ0. Hence the domain of π1 is

R1 = {E ∈ L : μα(E) = μ1(E) for all α ∈ [0,1)} ,

and we set π1(E) := μ1(E) for all E in R1. Letting P denote the set of probability measures 
formed by taking convex combinations of μ1 and μ0, that is,

P = {μ : μ = αμ1 + (1 − α)μ0 for some α ∈ [0,1]} ,

it readily follows that �1 admits the following multiple prior representation:

c1(f ) = min
μ∈P

∑
x∈X

μ
(
f −1(x)

)
x .

Observation 1. All vertical rectangles of the form [a, b] ×[0, 1] (a < b) as well as all horizontal 
rectangles of the form [1, 0] × [c, d] (c < d) are in R1. However, the rectangle [a, b] × [c, d]
corresponding to the intersection of the pair of rectangles [a, b] × [0, 1] and [1, 0] × [c, d] is in 
R1 only when a + b = 1.

To verify these observations, first notice that since μα = αμ1 + (1 − α)μ0 it suffices to show 
μ1(E) = μ0(E) to establish the event E is in R1. And so, since

μ1 ([a, b] × [0,1]) =
∫ b

a

(∫ 1−ω1

0

1

1 − ω1
dω2

)
dω1

=
∫ b

a

[
ω2

1 − ω1

]ω2=1−ω1

ω2=0
dω2 =

∫ b

a

1 dω2 = b − a,

and
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μ0 ([a, b] × [0,1]) =
∫ b

a

(∫ ω1

0

1

ω1
dω2

)
dω1

=
∫ b

a

[
ω2

ω1

]ω2=ω1

ω2=0
dω2 =

∫ b

a

1dω2 = b − a,

it follows that [a, b] × [0, 1] is in R1.14 Furthermore, since

μ1 ([0,1] × [c, d]) =
∫ d

c

(∫ 1−ω2

0

1

1 − ω1
dω1

)
dω2

=
∫ d

c

(
[− ln (1 − ω1)]

ω1=1−ω2
ω1=0

)
dω2 =

∫ d

c

ln

(
1

ω2

)
dω2

and

μ0 ([0,1] × [c, d]) =
∫ d

c

(∫ 1

ω2

1

ω1
dω1

)
dω2

=
∫ d

c

(
[ln (ω1)]

ω1=1
ω1=ω2

)
dω2 =

∫ d

c

ln

(
1

ω2

)
dω2,

it follows that [0, 1] × [c, d] is in R1.
Finally, the rectangle [a, b] × [c, d] is in R1 if and only if

μ1 ([a, b] × [c, d]) =
∫ b

a

∫ d

c

μ̂1 (ω1,ω2) dω2dω1

=
∫ b

a

∫ d

c

μ̂0 (ω1,ω2) dω2dω1 = μ0 ([a, b] × [c, d])

However, notice that neither μ̂1(ω1, ω2) nor μ̂0(ω1, ω2) depend on ω2 and since μ̂1(ω1, ω2) =
μ̂0(1 − ω1, ω2) it readily follows from the geometry of the intersection of the rectangle with the 
respective supports of μ1 and μ0 that the required equality of the two double-integrals holds 
if and only if the rectangle exhibits reflection symmetry about the line ω1 = 1/2. This in turn 
requires 1/2 − a = b − 1/2.

By construction R1 satisfies the three properties R.1, R.2, and R.3 that characterize a λ-system. 
But as it is not closed under intersection it is not a σ -algebra.15

However, �1 does not conform to the Expected Uncertain Utility model of Gul and Pesendor-
fer (2014). To see why, we first note that every event E ∈ R1 is ideal. Formally, an event A is 
ideal for �1 if for any four acts f, g, h, h′ ∈F :[

fAh �1 gAh and hAf �1 hAg
] =⇒ [

fAh′ �1 gAh′ and h′
Af �1 h′

Ag
]

However, we can show any event in R1 actually satisfies a stronger property, namely Savage’s 
sure-thing principle: for any two acts f, g ∈ F f �1 gAf implies fAg �1 g. To see this, fix 
E ∈R1. For any pair of acts f, g in F :

14 Indeed, we have established that the marginal of μα on �1 is the uniform distribution.
15 For example, we can immediately see that the square [1/4, 1/3] × [1/3, 1/2] (formed by taking the intersection of 
the two rectangles [1/4, 1/3] × [0, 1] and [0, 1] × [1/3, 1/2] that are both members of R1) is not in R1 since it lies 
(wholly) inside the support of μ1 and (wholly) outside the support of μ0.
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f �1 gEf

⇔ min
μ∈P

(∑
x∈X

[
π1 (E)

μ
(
f −1 (x) ∩ E

)
π1 (E)

+ [1 − π1 (E)]
μ
(
f −1 (x) ∩ �\E)
[1 − π1 (E)]

]
x

)

� min
μ∈P

(∑
x∈X

[
π1 (E)

μ
(
g−1 (x) ∩ E

)
π1 (E)

+ [1 − π1 (E)]
μ
(
f −1 (x) ∩ �\E)
[1 − π1 (E)]

]
x

)

⇔π1 (E) min
μ∈P

(∑
x∈X

[
μ
(
f −1 (x) ∩ E

)]
π1 (E)

x

)

+ [1 − π1 (E)] min
μ∈P

(∑
x∈X

[
μ
(
f −1 (x) ∩ �\E)]

π1 (E)
x

)

� π1 (E) min
μ∈P

(∑
x∈X

[
μ
(
g−1 (x) ∩ E

)]
π1 (E)

x

)

+ [1 − π1 (E)] min
μ∈P

(∑
x∈X

[
μ
(
f −1 (x) ∩ �\E)]

π1 (E)
x

)

⇔π1 (E) min
μ∈P

(∑
x∈X

[
μ
(
f −1 (x) ∩ E

)]
π1 (E)

x

)

+ [1 − π1 (E)] min
μ∈P

(∑
x∈X

[
μ
(
g−1 (x) ∩ �\E)]

π1 (E)
x

)

� π1 (E) min
μ∈P

(∑
x∈X

[
μ
(
g−1 (x) ∩ E

)]
π1 (E)

x

)

+ [1 − π1 (E)] min
μ∈P

(∑
x∈X

[
μ
(
g−1 (x) ∩ �\E)]

π1 (E)
x

)
⇔fEg �1 g

Hence, f �1 gEf ⇔ fEg �1 g. But as we have just shown above, R1 is not a σ -algebra. So for 
these preferences, the set of ideal events is not a σ -algebra, in particular, the set of ideal events 
is not closed under intersection.

Example: rank-dependent risk-preferences

The state space is the unit interval. Set R2 to be the set of (Lebesgue) measurable subsets of 
� = [0, 1].

Fix the triple 〈π2 , u2 , s2〉 We take the prior π2 to be the Lebesgue measure and u2 to be the 
(extreme ambiguity-averse) unambiguous equivalent u2(x, y) = x. The sure equivalent, s2, is 
from the family of rank-dependent (generalized) means and defined as

s2(L) =
∑
x∈X

⎡⎢⎣
⎛⎝∑

y�x

L(y)

⎞⎠2

−
(∑

z>x

L(z)

)2
⎤⎥⎦x.
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The preference relation �2 is generated by the certainty equivalent:

c2(f ) = s2

(
π−1

2 ◦ f
)

.

By construction, R2, the domain of the prior π2, is a σ -algebra. However, the preference 
relation �2, generated by the functional c2(·), is not from the class of EUU preferences. This is 
because not all events in the domain of the prior are ideal in the sense of Gul and Pesendorfer 
(2014). For an event E ⊂ � to be ideal requires for any four acts f , g , h and h′ in F ,[

fEh � gEh and hEf � hEg
]=⇒ [

fEh � gEh and hEf � hEg
]
.

It turns out that the only events that satisfy this property are ones for which the prior assigns 
probability zero (that is, the event is null) or probability one (that is, the event is universal).

Observation 2. Fix an event E in R2. If π2(E) ∈ (0, 1) then E is not ideal.

To show this, first fix a probability p ∈ (0, 1) and consider the following four lotteries, 
L1, L2, L3, L4 given by

L1 (x) =
⎧⎨⎩

p/2 if x ∈ {0,1}
1 − p if x = y

0 otherwise
, L2 (x) = [y]

L3 (x) =
⎧⎨⎩

p/2 if x = 1
1 − p/2 if x = 0

0 otherwise
, L4 (x) =

⎧⎨⎩
p if x = y

1 − p if x = 0
0 otherwise

,

where y ∈ (p/4, 1/4).
The rank-dependent mean of the four lotteries are:

s2 (L1) =
(p

2

)2 +
[(

1 − p

2

)2 −
(p

2

)2
]

y = p2

4
+ (1 − p)y

s2 (L2) = y, s2 (L3) = p2

4
and s2 (L4) = p2y

Hence,

s2 (L1) − s2 (L2) = p2

4
− py < 0, as y >

p

4
,

and s2 (L3) − s2 (L4) = p2

4
− p2y > 0, as y <

1

4
.

Now consider any event E in R2 for which π2(E) = p. Since π is convex-ranged, there 
exists a subset of E, say A, such that π2(A) = π2(E)/2 and a subset of �\E, say B , such that 
π2(B) = (1 − π2(E))/2. Consider the following four acts f, g, h, h′ ∈ G, where f = 1A∪B0, 
h′ = 0 and g = h = y, for some y ∈ (max {π2(E),1 − π2(E)}/4,1/4).

Hence we have:

fEh = 1A0(�\A)∩Ey, gEh = y, hEf = 1B0(�\B)∩(�\E)y, hEg = y,

fEh′ = 1A0, gEh′ = yE0, h′
Ef = 1B0, h′

Eg = 0Ey.

Since all eight acts above are measurable with respect to R2 we can map each of them to a lottery 
in �0(X). And we have:
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π2 ◦ (fEh)−1 (x) =
⎧⎨⎩

π2 (E)/2 if x ∈ {0,1}
1 − π2 (E) if x = y

0 otherwise
, π2 ◦ (gEh)−1 = [y]

π2 ◦ (hEf )−1 (x) =
⎧⎨⎩ [1 − π2 (E)]/2 if x ∈ {0,1}

π2 (E) if x = y

0 otherwise
, π2 ◦ (hEg)−1 = [y],

π2 ◦ (fEh′)−1
(x) =

⎧⎨⎩
π2 (E)/2 if x = 1

1 − π2 (E)/2 if x = 0
0 otherwise

,

π2 ◦ (gEh′)−1
(x) =

⎧⎨⎩
π2 (E) if x = y

1 − π2 (E) if x = 0
0 otherwise

,

π2 ◦ (h′
Ef

)−1
(x) =

⎧⎨⎩ [1 − π2 (E)]/2 if x = 1
1/2 + π2 (E)/2 if x = 0

0 otherwise
,

π2 ◦ (h′
Eg
)−1

(x) =
⎧⎨⎩

1 − π2 (E) if x = y

π2 (E) if x = 0
0 otherwise

.

Applying s2(·) to obtain the rank-dependent means of these eight lotteries, it follows from the 
calculations we performed above that:

fEh �2 gEh and hEf �2 hEg,

but gEh′ �2 fEh′ (as well as h′
Eg �2 h′

Ef ).

Hence the event E is not ideal. As p was an arbitrarily fixed element from the open interval 
(0, 1), this establishes the validity of the observation.

Appendix

Proof of Lemma 2. Fix an arbitrary lottery L ∈ �0(X) with finite support {x1 , . . . , xn}. For 
each i = 1 , . . . , n, set pi :=∑i

j=1 L(xj ). Set Rn := � (hence, π(Rn) = 1 = pn). Since the prior 
π is convex-valued and R is a λ-system, it follows that there exists a risky event Rn−1 ∈ R, such 
that π(Rn−1) = pn−1. Furthermore, there exists a risky event Rn−2 ∈ R for which Rn−2 ⊂ Rn−1, 
and π(Rn−2) = pn−2. Repeating this process for j = n − 3 down to j = 1, we obtain a sequence 
of increasing risky events R1 ⊂ R2 ⊂ . . . ⊂ Rn−1 ⊂ Rn = �. Applying condition R.4 of a λ-
system (established by Lemma 1) it follows that for each i = 2 , . . . , n, the event Ri\Ri−1 is 
also in R with π(Ri\Ri−1) = pi − pi−1 = L(xi). By construction the collection of risky events {
R1,R2\R1, . . . ,Rn−1\Rn−2,�\Rn−1

}
forms a partition of �. So take f to be the act in which 

f (ω) = x1 if ω ∈ R1 and f (ω) = xi if ω ∈ Ri\Ri−1 for some i = 2 , . . . n. By construction 
π ◦ f −1 = L, as required. �
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Proof of Lemma 3. In order to construct a risky envelope for an arbitrary act it is convenient to 
define a capacity associated with the prior π , its inner measure, denoted by π .16 For an arbitrary 
event A ⊆ �, set

π (A) := sup
R∈R,R⊆A

π (R) ,

and define A ∈ R to be its inner sleeve, where A ⊆ A for which π(A) = π(A). Such a π -inner 
sleeve exists since π is convex-ranged.

Fix an arbitrary act f , with range f (�) = {x1, . . . , xn}. Let N = {1, . . . , n} and set Ai :=
f −1 (xi), so that {Ai}i∈N forms a finite partition of �. Let P denote the set of all non-empty 
subsets of N and for each J ∈ P , set PJ = {L ∈ P | L ⊆ J }. Set AJ =⋃

i∈J Ai and let AJ be its 
inner sleeve. Following the approach of Gul and Pesendorfer (2014, pp21-2) in their Appendix 
A, we construct the partition 

{
RJ

}
J∈P of �, that we dub a risky split of the partition {Ai}i∈N

inductively as follows:

R{i} = Ai, for all i ∈ N;
and, for every J such that |J | > 1,

RJ := AJ \
⎛⎝ ⋃

L∈PJ ,L�=J

RL

⎞⎠ .

Notice that from property R.4 of λ-systems, it follows that RJ ∈R, for every J ∈P .
Let f (respectively, f̄ ) be the risky act in G, given by f (ω) = mini∈J xi (respectively, f̄ (ω) =

maxi∈J xi ) for ω ∈ RJ . The fact that 
(
f , f̄

)
constitutes a risky envelope of f follows from 

Lemma A1 of Gul and Pesendorfer (2014, p22). �
Proof of Theorem 4. Necessity

Since the prior π is convex-valued and defined on a domain that is a λ-system, by construction 
the functional c(·) generates a preference relation that is complete, transitive, monotonic and 
continuous, hence Axioms 1–3 are necessary.

To establish the necessity of Axiom 4, fix a risky event R ∈ R for which π(R) > 0 and two 
diffuse events D, D′ ∈ D. Consider the pair of acts f = yD∩Rx and f ′ = yR∩D′x. If y � x then 
f = yRx = f ′ and f̄ = x = f̄ ′. Alternatively, if y > x then f = x = f ′ and f̄ = yRx = f̄ ′. 
Hence for all y and x it follows from the definitions of c that c(yD∩Rx) = c(yD′∩Rx). Hence we 
require yD∩Rx ∼ yD′∩Rx which Axiom 4 delivers.

Finally, to see that Axiom 5 holds for a preference relation generated by a GUU certainty 
equivalent c(·) fix a risky event R ∈ R and a pair of diffuse events D , D̂ ∈ D. For any four 
prizes x, x∗, y, y∗, without loss of generality, suppose x∗ � x and y∗ � y. Then

c
(
x∗
Dx�\D

)= u
(
x, x∗) and c

(
y ∗̂
D

y�\D̂
)

= u
(
y, y∗) ,

c
(
x∗
D∩RxR\Df

)= s
(
π (R) [u (x, x∗)] + [1 − π (R)]Lf�\R

)
,

c
(
y ∗̂
D∩R

yR\D̂f
)

= s
(
π (R) [u (y, y∗)] + [1 − π (R)]Lf�\R

)
16 A capacity ν is a normalized monotonic function defined over subsets of �. That is, ν(∅) = 0, ν(�) = 1, and 
ν(E) � ν(A) whenever A ⊂ E.
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where Lf�\R is the lottery given by

Lf�\R (z) =
π
({

ω ∈ � : u
(
f (ω) , f̄ (ω)

)
= z

})
[1 − π (R)]

.

Since s is monotonic, it follows that

s
(
π (R) [u (x, x∗)] + [1 − π (R)]�f�\R

)
� s

(
π (R) [u (y, y∗)] + [1 − π (R)]�f�\R

)
if and only if u (x, x∗) � u (y, y∗). Hence, x∗

Dx�\D � y ∗̂
D

y�\D̂ if and only if x∗
D∩RxR\Df �

y ∗̂
D∩R

yR\D̂f , as indeed Axiom 5 delivers. �
Sufficiency
We know from Gul and Pesendorfer (2014, Lemma A2, p22) that the set of diffuse events D is 

non-empty. So we set the ambiguity equivalent u(x, y) := z, where we know from the application 
of Axioms 2 and 3, z is the unique outcome for which yDx ∼ z.

The remainder of the proof follows closely the outline of the proof of Theorem 1 in Gul and 
Pesendorfer (2014). Fix an act f and let {x1, . . . , xN } = f (�), that is the range of f . Consider 
the partition{

An : An = f −1(xn) n = 1, . . . ,N
}

.

It also follows from Lemma A2 of Gul and Pesendorfer (2014) that we can partition � into any 
finite number of diffuse events D1, . . . , DL. Since π is convex-ranged, given any α1, . . . , αR > 0
such that 

∑
k αk = 1, we can also construct a partition of risky events R1, . . . , RK such that αk =

π(Rk) for all k. Moreover, this partition can be constructed so that for all (k, �) ∈ {1, . . . ,K} ×
{1, . . . ,L}, there is some n ∈ {1, . . . ,N} with Rk ∩ D� ⊂ An.

For each risky event Rk , set:

x̄k := max
ω∈Rk

f (ω) and xk = min
ω∈Rk

f (ω)

Define f− and f+ as follows:

f− (ω) :=
{

xk if ω ∈ Rk\f −1 (x̄k)

x̄k if ω ∈ f −1 (x̄k) ∩ Rk

f+ (ω) :=
{

xk if ω ∈ f −1
(
xk

)∩ Rk

x̄k if ω ∈ Rk\f −1
(
xk

)
By construction f− � f � f+ and 

[
f − , f̄−

]
=
[
f , f̄

]
=
[
f + , f̄+

]
Hence by Axioms 2 and 4

f− ∼ f+ (∼ f ). Now consider the risky act g defined by setting g(ω) = zk = u 
(
xk, x̄k

)
when-

ever ω ∈ Rk . It follows from Axiom 5 that g ∼ f . Since g is by construction an unambiguous 
act, we have x∗ ∼ g ∼ f for some x∗ such that

x∗ = s(π ◦ g−1) = s

(
K∑

k=1

π(Rk)[zk]
)

= s

(
K∑

k=1

π(Rk)[u(xk, x̄k)]
)

= c (f+) = c (f ) .

Thus we have completed the characterization of a GUU certainty equivalent c(·) that represents 
a preference relation � satisfying Axioms 1–5. �
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Proof of Theorem 6. Fix 〈π,u, s〉 and the set � = {1, . . . , n}.
Part 1.
Take an arbitrary onto function ρ : � → S. Let 

{
RB

}
B⊆�

be the risky split of the partition {
ρ−1 (θ)

}
θ∈�

as defined in the proof of Lemma 3. Fix an arbitrary act a ∈ A. Let f ∈ F be the 
large world act f = a ◦ ρ. For any ω ∈ RB , it follows from the proof of Lemma 3 that for the 

risky envelope 
(
f , f̄

)
we have

f (ω) = min
ω̂∈RB

f
(
ω̂
)= min

θ∈B
a (θ) and f̄ (ω) = max

ω̂∈RB
f
(
ω̂
)= max

θ∈B
a (θ) .

Hence we have

s

(
π ◦ u

(
f , f̄

)−1
)

= s

⎛⎝∑
B⊆�

[
u(min

θ∈B
a (s) ,max

θ∈B
a (s))

]
μ(B)

⎞⎠ ,

as required. �
Part 2.
Fix μ, an arbitrary probability distribution over the set of subsets of �. To construct the onto 

function ρμ : � → �, first choose a partition 
{
RB ∈R : B ⊆ S

}
of � into risky events satisfying 

π(RB) = μ(B), for all B ⊆ �, B �= ∅. For each B such that |B| > 1, let 
{
DB

θ ∈ D : θ ∈ B
}

be a 
partition of � into |B| diffuse events. Define ρ� as follows: if ω ∈ E{θ} for some θ ∈ � then set 
ρμ(ω) = θ , otherwise if ω ∈ RB ∩ DB

θ for some B such that |B| > 1 and for some θ ∈ � then 
assign ρμ(ω) = θ . This construction entails that 

{
RB | B ⊆ �

}
is a risky split of 

{
ρ−1

μ (θ)
}
θ∈�

. 
This in turn means that for any small world act a ∈A, for the risky envelope of the corresponding 
large world act f = a ◦ ρμ, we have

f (ω) = min
θ∈B

a (θ) and f̄ (ω) = max
θ∈B

a (θ) for ω ∈ RB.

Hence,

ĉ (a) = c(f ) = s

(
π ◦ u

(
f , f̄

)−1
)

= s

⎛⎝∑
B⊆�

[
u(min

θ∈B
a (θ) ,max

θ∈B
a (θ))

]
μ(B)

⎞⎠ ,

as required. �
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