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Abstract
In Gul and Pesendorfer (Econometrica 69(6):1403–1435, 2001), a decision-maker,
when facing a choice among menus, evaluates each menu in terms of the maximum
value of its commitment utility net of self-control costs. This paper extends the model
such that this maximum is constrained by the condition that the cost of self-control
cannot exceed the decision-maker’s stock of willpower w. Four of the five axioms
of our characterization are as in their Theorem 3 except that the independence axiom
is restricted to a subset of menus. We add one new axiom to regulate willpower as
a limited (cognitive) resource in which the available “stock” does not vary across
menus. In our characterization, choices within menus that satisfy WARP reveal a
constant trade-off between commitment and temptation utilities. However, it is the
discontinuity of preferences over menus (along with violations of WARP for choices
within menus) that reveals w (measured in units of temptation utility), allowing for a
behaviorally meaningful comparative measure of self-control across individuals.
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1 Introduction

Self-control, as the psychologists Muraven and Baumeister (2000) put it, “involves
overriding or inhibiting competing urges, behaviors or desires.” Gailliot and Baumeis-
ter (2007) describe it as “the conscious and effortful form of self-regulation.”
Furthermore, they report physiological research that indicates exercise of such self-
control relies on some sort of limited energy source. This can be viewed as providing
a physiological foundation to the metaphoric concept of an individual’s (cognitive)
resource ofwillpower. In this paperwe propose the following representation for prefer-
ences over menus of lotteries that captures this notion of a limited stock of willpower:

U (A) = maxx∈A [u (x) + v (x)] − maxy∈A v (y) ,

s.t. v (x) ≥ maxy∈A v (y) − w,
(1)

where A is a (compact) set of lotteries with generic elements denoted by x and y, u and
v are von Neumann–Morgenstern utility functions over lotteries that describe the indi-
vidual’s commitment ranking and temptation ranking, respectively, and a nonnegative
number w, that measures the individual’s stock of willpower.

This is the representation characterized by Gul and Pesendorfer (2001) (hereafter,
GP) with the addition of a willpower constraint requiring just the one additional
parameter w. We interpret it as saying that the individual anticipates when she comes
to make a choice from amenu she has previously selected, she does so by choosing the
alternative from that menu that maximizes the “compromise utility” (that is, the sum
of the commitment and temptation utilities), subject to its temptation utility being at
least within w of the temptation utility of the most tempting alternative. Denoting this
element of A by x∗, the “utility” of themenuwhich guides her initial choice overmenus
is then given by the commitment utility u (x∗) less the amount maxy∈A v (y)−v (x∗),
which like GP, we interpret as the (utility) cost of self-control. Thus, the stock of
willpower w represents the upper bound on the self-control cost the individual is able
to bear. We refer to the family of preferences over menus that admit a representation
of the form given in (1) as self-control preferences with limited willpower.

We observe that temptation preferences (with and without self-control) character-
ized by Theorem 3 of GP may be viewed as the following two polar sub-families of
preferences that admit a representation of the form given in (1).1

(i) The stock of willpower w is sufficiently large so that it never binds, that is,
unlimited willpower.

(ii) The stock of willpower w equals zero, that is, no self-control. This is readily
seen to be equivalent to the Strotz (1955) model of (overwhelming) temptation
where the representation may be expressed in the form:

U (A) = max
x∈A

u (x) s.t. v (x) ≥ v (y) , for all y ∈ A.

1 Throughout we refer to the representation result in Theorem 3 of GP (p1413), rather than Theorem 1
(p1409) which is the one usually cited in the literature.
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Costly self-control and limited willpower 609

One of the main contributions of this paper is our representation result, Theorem 1,
that provides a characterization of the intermediate case in which w is strictly positive
and the willpower constraint is strictly binding for at least some menus. The principal
distinction between our extension and the original GP model is that there is now
an additional reason a decision-maker might give in to temptation. In GP’s model,
the decision-maker selects a more tempting alternative only if its compromise utility
exceeds that of all other alternatives in the menu. In our model, the decision-maker
may also select a more tempting alternative even though there is another alternative
that has higher compromise utility because the self-control cost incurred by selecting
that alternative with the higher compromise utility exceeds her willpower.

Furthermore, unlike the two polar sub-families of GP’s Theorem 3, not only can this
intermediate case accommodate violations of the weak axiom of revealed preferences
(WARP) by the decision-maker in the “hot” state, it is also possible to classify different
choice patterns by the decision-maker as manifestations of distinct types of addictive
behavior. We demonstrate this by means of the examples presented in Sect. 2.

While choices within menus that satisfyWARP reveal a constant trade-off between
the commitment utility u and the temptation utility v, we wish to emphasize, it is the
discontinuity of preferences over menus along with violations of WARP for choices
within menus that reveals the limit w (measured in units of temptation utility) of an
individual’swillpower in exercising costly self-control. Hence, in our characterization,
it is possible to obtain a behaviorally meaningful comparative measure of self-control
across individuals.

We also make a technical contribution by clarifying the role of the mixture space
theorem in obtaining the (cardinally unique) utility function U defined over menus.2

As we shall see in the sequel, a setting with limited willpower naturally leads to
violations of the independence axiom. Hence, we cannot directly invoke the mixture
space theorem over the space of all menus. Instead, we consider a particular subset of
menus forwhich the preference relation restricted to this subset satisfies independence.
Exploiting this property of independence alongwith the set betweenness axiom,we are
able to construct amixture operator that when pairedwith this subset ofmenusmakes it
a mixture space. Now the mixture space theorem can be applied to obtain the existence
of a utility function defined over this subset of menus that is linear with respect to our
mixture operator and unique up to positive affine transformations. We also introduce
a new axiom to regulate the boundary of self-control across different menus which
leads to a menu-invariance willpower capacity represented by the parameter w.

1.1 Related literature

The characterization of self-control preferences has inspired a number of extensions
and generalizations. One strand maintains the independence axiom and relaxes set
betweenness to allow for agents who are either uncertain about the temptation they

2 In his characterization of finite additive utility representations for preferences overmenus,Kopylov (2009)
provides further clarification of the role of the mixture space theorem.
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610 M.-Y. Liang et al.

will face in the future and/or may face multiple temptations.3 Another strand retains
set betweenness while relaxing independence. For example, Noor and Takeoka (2010)
characterize twomodels, a general self-control representation and a convex self-control
representation. At first glance, our representation might be viewed as the limit of a
sequence of convex continuous self-control representations that converge to a self-
control cost that has constant marginal cost up to the limitw after which the “marginal
cost” explodes to infinity. However, even though we also retain set betweenness and
relax independence, we also relax continuity. As we shall see in the sequel, it is this
discontinuity of the preferences over menus that enables us to identify and calibrate the
parameterw, which is the upper bound on the (utility) costs associated with exercising
self-control she is able to incur. There is no equivalent feature in either of their models.

As we noted above, our characterization can accommodate violations of WARP.
However, unlike other extensions of GP that can accommodate violations of WARP,
we do so without requiring either a hot–cold empathy gap or a menu dependent trade-
off between commitment and temptation utilities.4 Hence, from the ex ante point of
view, as was the case in the GP model, there is only a single preference relation in the
hot state that will be revealed ex post by the choices made withinmenus.Moreover, we
retain GP’s one value system by measuring not only the temptation utility in terms of
the commitment utility but also the stock ofwillpower in terms of the temptation utility.
This allows us to obtain in our Theorem 3, conditions under which one decision-maker
may be said to be able to exert more self-control than another.

To the best of our knowledge,Masatlioglu et al. (2014) was the first paper to explain
violations of WARP in the hot state by a willpower constraint. They also confine their
ex post choices from menus that are guided by a single preference relation over all
possible “prizes” in the hot state. However, as there is no cost for self-control in their
model, there exists no trade-off between the commitment and temptation utilities.

1.2 Roadmap

The rest of the paper is organized as follows. In Sect. 2we provide a graphical depiction
of the mechanics of the costly self-control with limited willpower representation to
illustrate how we can accommodate behaviors not possible in the GP model and its
extant extensions. The framework of GP’s preference model over menus is formally
presented in Sect. 3. In Sect. 4 we begin with four axioms similar to those that appear
in GP, except the domain of independence is suitably restricted. We also present
and motivate our additional axiom that ensures the revealed stock of willpower does
not vary across menus, leading to the main representation result in which the stock
of willpower is strictly positive and the willpower constraint is strictly binding for
at least some menus. We also demonstrate how the discontinuity in the preferences
over menus along with violations of WARP for the subsequent choices of lotteries

3 See, for example, Chatterjee and Vijay Krishna (2009), Dekel et al. (2009), Stovall (2010), Kopylov
(2009) and Kopylov (2012).
4 For a discussion about the hot–cold empathy gap in decision-making, see Loewenstein (2000). The
possibility of learning leading to perfect foresight of this gap is considered by Bénabou and Tirole (2004)
and Ali (2011). For an extension allowing for uncertainty about the subjective state of temptation, see
Dekel et al. (2009) and Stovall (2010).
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Fig. 1 Normative-temptation utility pairs

within a menu allow us to calibrate the stock of willpower. This in turn allows us in
Sect. 5 to define a behaviorally meaningful comparative measure of self-control across
individuals and provide a partial characterization of this comparative measure in terms
of the representation. We conclude in Sect. 6.

2 A graphical depiction of the willpower constraint; compulsive
behavior (both dissonant and consonant); and comparative
self-control

Consider a decision-maker, say Sandra, in a “cold” state at night contemplating pur-
chasing a cup of coffee on her way to work when she will be in a “hot” state craving
coffee. Let {0, x ′} denote a two-element menu where 0 (respectively, x ′) is the degen-
erate lottery of purchasing and consuming with probability one a zero (respectively,
some strictly positive) quantity of coffee. Without loss of generality, let us normalize
the normative and temptation utilities so that (u (0) , v (0)) = (0, 0). Figure 1 depicts
the normative-temptation utility pairs (u (x) , v (x)) for other lotteries x that in a two-
element menu {0, x}, are worse in terms of their normative utility as well as being
more tempting than 0, that is, u (x) < 0 < v (x).

The level set N 0 = {(u, v) : u + v = u (0) + v (0)} divides this set of utility pairs
into two regions: D, comprising those pairs whose sum is greater than zero; and, S,
comprising those pairs whose sum is less than or equal to zero. Since

u (x) + v (x) > 0 = u (0) + v (0) ⇐⇒ u (x) > u (0) − (v (x) − v (0)) ,
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612 M.-Y. Liang et al.

in GP’s model, region D (respectively, region S) corresponds to utility pairs associated
with those tempting alternatives for which Sandra is not willing (respectively, is will-
ing) to incur the self-control cost required to resist choosing that tempting alternative.
That is, if the utility pair (u (x) , v (x)) associated with the tempting alternative x lies
in region D, then Sandra in the hot state will choose x from the menu {0, x}. We refer
to this as “self-indulgent” consumption. Alternatively, if the utility pair associatedwith
x lies in S, then Sandra in the hot state will choose to exercise (costly) self-control by
selecting 0 from the menu {0, x}.

However, according toElster andSkog (1999), one common criterion for a decision-
maker to be considered prone to compulsive consumption (or “addicted”), is for the
decision-maker to exhibit an inability to resist choosing to consume it in the hot state.
A decision-maker prone to compulsive consumption in this sense, may in turn be
classified into one of two sub-groups, dissonant or consonant. A dissonant compulsive
consumer is one who wishes to resist the tempting alternative while a consonant
compulsive consumer is one who does not. Neither type of compulsive consumer,
however, can be modeled in GP’s framework nor in any of the existing extensions like
Noor and Takeoka (2010).

To see how they can be modeled in our framework, suppose lottery x ′, associated
with the utility pair

(
u

(
x ′) , v

(
x ′)) in Fig. 1, is the lottery that assigns probability one

to the outcome “paying $1 to consume one cup of coffee” and lottery x ′′, associated
with the utility pair

(
u

(
x ′′) , v

(
x ′′)), is the lottery that assigns probability one to the

outcome “paying $10 to consume one cup of coffee.” From Fig. 1, we see that the
reduction in normative utility arising from the increase in the price of coffee is enough
to induce Sandra in the hot state to switch from choosing to consume the cup of coffee
to abstaining. Indeed, provided there is always a way to reduce the normative utility
sufficiently, say by increasing the monetary cost required to undertake the tempting
activity, then any lottery associated with a utility pair in region D can be modified in
such a way that leads to the utility pair associated with the modified lottery residing
in region S. That is, in the model of GP, Sandra in the hot state chooses self-indulgent
consumption because it provides a greater compromise utility not because she is unable
to resist temptation.

However, self-control preferences with limited willpower allow for consumption
choices that can be classified as having been made by a compulsive consumer, both
dissonant and consonant. In the context of the consumption of coffee example, Fig. 2
is constructed from Fig. 1 by adding the DM’s willpower constraint. This constraint
says the DM cannot resist selecting a tempting alternative x from the menu {0, x} if
the cost of self-control required to select 0 (that is, the temptation utility v (x)) exceeds
w her stock of willpower. This creates a new region I that lies between regions D and
S, in which the horizontal ray v (x) = w going left from the point (−w,w) on the
line N 0 becomes part of the boundary of the modified region S.

The interpretations for the regions D and S are the same as above, except notice
that for some points in D, like the one associated with the lottery x ′, even though the
inequality
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Fig. 2 Normative-temptation utility pairs with willpower constraint

u
(
x ′) > u (0) − (

v
(
x ′) − v (0)

)
,

still implies that Sandra wants to choose x ′ from the menu {0, x ′}, in actual point of
fact she is unable to select 0, since v (0) (= 0) < v

(
x ′) − w. That is, the self-control

cost required to select 0 in the presence of the tempting alternative x ′ exceeds her
available stock of willpower w. In the sense of Elster and Skog (1999) Sandra is a
consonant compulsive consumer of coffee.

In contrast to region D, region I may be viewed as those tempting alternatives for
which Sandrawants to but has insufficient willpower to be able to exert self-control.We
call the choice of such a tempting alternative in the hot state as the act of a “wretched
man,” evoking Saint Paul’s sentiment,

“I do not do the good I want, but the evil I do not want is what I do.” (Romans
7:19).

As an example, the utility pair
(
u

(
x ′′) , v

(
x ′′)) associated with the lottery x ′′ which

was previously in region S in Fig. 1, now resides in region I in Fig. 2. That is, despite the
compromise utility of x ′′ being less than zero, Sandra is unable to choose 0 because
v

(
x ′′), the cost of exerting the self-control required for such a choice, exceeds w,

her stock of willpower. She will thus pay $10, albeit reluctantly, for that one cup of
irresistibly tempting coffee! In the sense of Elster and Skog (1999) her behavior in
choosing x ′′ from the menu {0, x ′′} is that of a dissonant compulsive consumer of
coffee.

Our framework also provides a natural way to compare the relative degree of self-
control for two self-control preference relations with limited willpower. These may
correspond to the two relations of two different individuals or the same decision-
maker at different points in time or in different situations. Fixing a pair of self-control
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Fig. 3 Normative-temptation utility pairs of decision-maker 2who has less self-control than decision-maker
1

preference relations with limited willpower, �1 and �2, and an alternative 0, let S1
(respectively, S2) denote the region where decision-maker 1 (respectively, decision-
maker 2) is willing and able to exercise self-control by selecting 0 over the tempting
alternative. In Sect. 5 we provide a behavioral definition for one preference relation
�1 to be said to exhibit more self-control than another preference relation �2 and
show that it holds whenever S2 is a subset of S1. As Fig. 3 illustrates, there are two
distinct parametric changes that can make S2 a subset of S1: either w2 ≤ w1 or the
slope of the line N 0

2 = {(u2, v2) : u2 + v2 = 0} is flatter than the slope of the line
N 0
1 = {(u1, v1) : u1 + v1 = 0}. Intuitively, the first corresponds to a tightening of the

willpower constraint, while the second to temptation utility receiving more weight in
the compromise utility.

Baumeister et al. (1994) and Roy and Baumeister (2003), among others, have
demonstrated that individuals who perform an act requiring self-control in one experi-
ment tend to behave in the follow-up experiment as if they have less self-control. Some
psychologists have interpreted this as providing experimental evidence of depletion of
willpower as the cause of the reduction in self-control. Viewing �2 as the preferences
of the same individual at some later point in time, our Fig. 3 suggests there are at least
two distinct channels by which self-control might be diminished via a prior action:
(i) a reduction in w, that is, a depletion in the stock of available willpower; and (ii) a
change in the compromise utility that alters the trade-offs the decision-maker is willing
to make in resisting a tempting alternative.5 Hence, our example suggests a need for

5 It is this second channel that “erodes” the self-control of an individual in Gul and Pesendorfer (2007) for
their model of addiction via compulsive consumption.
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Costly self-control and limited willpower 615

more nuanced designs of experiments that are able to distinguish between these two
channels.

3 Framework and definitions

We consider a two-period decision problem similar to the setting in GP. Let (Z , d)

be a compact metric space, where Z is the set of (final) prizes (or consequences). Let
�(Z) denote the set of all lotteries defined on Z , with generic elements x , y, a, b,
et cetera. That is, �(Z) may be taken to be the set of all probability measures on
BZ , the Borel σ -algebra of subsets of Z . We endow �(Z) with the weak topology
generated by some metric dp. As is standard, for any pair of lotteries x , y in �(Z)

and any α in [0, 1], let αx + (1 − α) y denote the lottery that assigns to each subset
of prizes B ∈ BZ , the probability αx (B) + (1 − α) y (B).

Let A denote the set of menus which we take to be the set of all compact subsets
of �(Z) with generic elements A, B, C . We endowA with the (Hausdorff) topology
generated by the metric

dh (A, B) = max

{
max
x∈A

min
y∈B dp (x, y) ,max

x∈B min
y∈A

dp (x, y)

}
.

For any pair of menus A, B in A and any α in [0, 1], let αA + (1 − α) B denote the
menu in A given by {αx + (1 − α) y : x ∈ A, y ∈ B}.

The preferences � of the decision-maker (hereafter, DM) are defined on A . As is
standard, 	 (respectively, ∼) denotes the asymmetric (respectively, symmetric) parts
of �. We consider the restriction of � to singleton lotteries as the DM’s commitment
preferences defined over the set of lotteries�(Z). That is, theDM is deemed toweakly
prefer lottery x to lottery y (in terms of her commitment preferences) if {x} � {y}.

The following is a general class of preferences over menus that captures a notion
of the DM having a limited stock of willpower to resist temptation when exercising
costly self-control.

Definition 3.1 A preference relation over menus � is a member of the family of
self-control preferences with limited willpower, if there exists linear utility functions
u, v : �(Z) → R and a stock of willpower w ≥ 0, such that � can be represented
by the functional given in (1).

As we noted in the introduction, this is the representation characterized by GP
with the addition of a willpower constraint. In order to formalize the main differences
between our model and that of GP, it is convenient to introduce the following concepts
and attendant notation regarding lotteries for which the individual can and cannot exert
self-control with respect to her commitment preferences.

For the lottery x ∈ �(Z), we take the set of tempting alternatives for which the
DM fails to exert self-control as ones for which the DM is unable or unwilling to
exert self-control in a two-element menu comprising x and that alternative. That is,
an alternative y is deemed a tempting alternative to x for which the DM fails to exert
self-control, if, despite strictly preferring, according to her commitment preferences,
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616 M.-Y. Liang et al.

lottery x to lottery y, she is indifferent between {y} and the menu {x, y}. We interpret
the latter indifference as reflecting her (rational) anticipation that if in the hot state
she faces a choice from the menu {x, y}, she will be unable or unwilling to exert
(sufficient) self-control to choose x . Formally,

T (x) := {y ∈ �(Z) : {x} 	 {x, y} ∼ {y}} .

Correspondingly, we define the set of tempting alternatives to x for which the DM can
exert costly self-control as being,

S (x) := {y ∈ �(Z) : {x} 	 {x, y} 	 {y}} .

Now for any lottery y in T (x), there are two reasons for why the DM might
anticipate she would not choose x from the menu {x, y}: (i) the alternative y is at least
as good a “compromise” alternative as x , or (i i) despite x being the better compromise
candidate, the individual has insufficient willpower to resist choosing y. In the latter
case, by considering another alternative (1 − α)x + αy that is formed by taking a
convex combination of x and y sufficiently close to x , that is, α is sufficiently close to
0, the DM will be able (and willing) to exert self-control when making a choice from
the menu {x, (1 − α)x + αy}. Hence, we divide T (x) into two sets, I (x) and D (x),
where

I (x) := {y ∈ T (x) : (1 − α)x + αy ∈ S (x) , for some α ∈ (0, 1)} , and
D (x) := {y ∈ T (x) : (1 − α)x + αy /∈ S (x) , for all α ∈ (0, 1)} .

We view I (x) as containing those alternatives in T (x) for which the DM would
like to but has insufficient willpower to exert the self-control necessary to resist the
tempting alternative, while D (x) contains those alternatives for which the DM prefers
to indulge herself. If I (x) = ∅ for all x ∈ �(Z), then the DM’s preferences should
reduce to one of the two polar sub-families of GP’s Theorem 3.

As we shall see in the next section, a setting with limited willpower naturally leads
to violations of the independence axiom. So instead, we consider a particular subset
of menus, B

(
�

)
, for which the preference relation restricted to this subset satisfies

independence. We consider the collection of all singleton menus as well as those
two-element menus in which either there is self-control or any anticipated failure of
self-control does not arise as a result of insufficient willpower. Formally, set

B
(
�

) := {{x} : x ∈ �(Z)} ∪ {{x, y} : {x} 	 {y} and y /∈ I (x)} .

In addition, like GP, we cannot directly invoke the mixture space theorem, either.
Hence, it will be convenient to consider the collection of all singleton menus as well
as those two-element menus in which there is a tempting alternative for which the DM
can exert costly self-control. Formally, set

M
(
�

) := {{x} : x ∈ �(Z)} ∪ {{x, y} : y ∈ S (x)} .
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Costly self-control and limited willpower 617

In our construction,wewill exploit this restricted version of independence axiomalong
with the set betweenness axiom to construct a mixture operator that when paired with
M

(
�

)
makes it a mixture space. Now the mixture space theorem can be applied to

obtain the existence of a utility function defined overM
(
�

)
that is linear with respect

to our mixture operator and unique up to positive affine transformations.

4 The representation

We begin by imposing similar axioms to those in Theorem 3 of GP except that, for
reasons we shall explain below, the independence axiom is restricted to B

(
�

)
.

Axiom 1 (Ordering) � is a complete and transitive binary relation.

Axiom 2a (Upper Semi-Continuity) The sets
{
B ∈ A : B � A

}
are closed.

Axiom 2b (Lower von Neumann–Morgenstern Continuity) A 	 B 	 C implies αA+
(1 − α)C 	 B for some α ∈ (0, 1).

Axiom 2c (Lower Singleton Continuity) The sets {x : {y} � {x}} are all closed.
Axiom 3 (Restricted Independence) For any A, B, C ∈ B

(
�

)
, A 	 B and α ∈ (0, 1)

implies αA + (1 − α)C 	 αB + (1 − α)C.

Axiom 4 (Set Betweenness) A � B implies A � A ∪ B � B.

To seewhywe cannot impose amore standard but stronger notion of continuity, note
that when a sequence of menus passes through the willpower constraint, a representa-
tion of the form in expression (1) will in general entail a corresponding discontinuity
in the preferences over menus. For example, consider u and v over lotteries x, {xk}∞k=1
and y, where limk→∞ xk = x, u(x) + v (x) > u (y) + v (y), v (y) − v (xk) > w for
all k, and v (y) − v (x) = w. Hence, we see that lower semi-continuity is violated,
since

lim
k→∞U ({xk, y}) = lim

k→∞ u (y) = u (y) < u (x) − w = U ({x, y}) .

Therefore, we adopt continuity axiom used byGP for their theorem 3. We retain upper
semi-continuity (Axiom 2a) but relax lower semi-continuity (Axiom 2b) except for
the subset of singleton menus (Axiom 2c).

Unlike GP, however, we do not require independence to hold on the entire relation.
Instead we restrict its application to B

(
�

)
. For example, suppose A 	 B because

all the “better” options in B are considered by the DM not available for her to choose
from that menu owing to insufficient willpower. Conceivably, there might exist some
other menuC and a (sufficiently small) weight α such that for the set αB+ (1 − α)C ,
the mixtures it contains with those better options in B might not exceed the DM’s
willpower. This in turn might result in αB + (1 − α)C � αA + (1 − α)C , that is, a
violation of independence.
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Finally, to obtain a representation that allows for menus in which a failure of self-
control may be due to insufficient willpower, we propose one new axiom that allows
us to interpret willpower as a limited resource in which the available “stock” does not
vary across menus.

For any subset A ⊂ �(Z), let A denote its closure.

Axiom 5 (Menu-InvarianceWillpower Capacity) For any lotteries a, b, x, y ∈ �(Z),
if b ∈ I (a) ∩ S (a) and y ∈ S (x), then { 12a + 1

2 x,
1
2a + 1

2 y} � { 12 x + 1
2a, 1

2 x + 1
2b}.

To appreciate what this axiom entails, notice that since b ∈ S (a) (respectively,
y ∈ S (x)), means that for the menu {a, b} (respectively, {x, y}), the individual has
sufficient willpower to exert costly self-control to select in the hot state a from {a, b}
(respectively, x from {x, y}). However, since b ∈ I (a), exerting such self-control
exhausts her entire stock of willpower. Hence, selecting a instead of b must incur at
least as much self-control cost as choosing x instead of any lottery y′ ∈ S (x). Hence,
the self-control cost in resisting temptation in the menu {a, b} can be no less than
it is in resisting temptation in the menu {x, y}. Now by Lemma A.4 it follows that
1
2a+ 1

2 y ∈ S
( 1
2a + 1

2 x
)
and 1

2 x+ 1
2b ∈ S

( 1
2 x + 1

2a
)
. This means that for both menus

{ 12a+ 1
2 x,

1
2a+ 1

2 y} and { 12 x + 1
2a, 1

2 x + 1
2b}, the individual would choose the lottery

1
2a + 1

2 x . However, the axiom requires that the cost of exercising such self-control
should be nomore in the case of choosing 1

2a+ 1
2 x from the menu { 12a+ 1

2 x,
1
2a+ 1

2 y}
than it is in the case of choosing 1

2a + 1
2 x from the menu { 12 x + 1

2a, 1
2 x + 1

2b}.
In conjunction with the other axioms, it provides us with a characterization of the

family of preferences over menus that admit a self-control with limited willpower
representation.

Theorem 1 Suppose I (a) �= ∅ for some a ∈ �(Z). Then the preference relation �
satisfies Axioms 1–5 if and only if it admits a representation of the form in expression
(1), where neither u nor v is constant and v is not an affine transformation of u except
for when v (·) = −αu (·) + β for some α ∈ (0, 1) and β ∈ R.
Furthermore, the triple (u, v, w) in the representation is unique in the sense that if(
u′, v′, w′) represent the same preferences as (u, v, w) then u′ = αu+β, v′ = αv+β ′
and w′ = αw for some α > 0 and β, β ′ ∈ R.

The full proof appears in two appendices below but here we provide a sketch of the
main ideas and arguments.

GP established that given the preference relation admits a functional representation,
imposing set betweenness means that each finite menu can be shown to be indiffer-
ent to an appropriately selected two-element subset of that menu. Moreover, upper
semi-continuity and set betweenness together are enough to allow us to extend the
representation defined over this subset of menus to arbitrary compact sets. Hence, this
function has a unique extension to the entire domain of menus.

Instead of considering all menus, we only impose independence and the willpower
capacity axioms to those menus with at most two elements. In “Appendix A,” we
reproduce GP’s theorem 3 using axioms 1–4 for the case when I (a) = φ for all a ∈
�(Z). Notice that in this caseB

(
�

)
is the collection of all singleton and two-element

menus. Hence, we are back toGP’s framework. However, for the independence axiom
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Costly self-control and limited willpower 619

to generate a constant trade-off between commitment and temptation utilities, we
remove those two-element menus that the DM does not exert costly self-control in her
ex post choices. That is, we use independence along with the set betweenness axiom
to construct a mixture operator to pair with the domain M

(
�

)
. Hence, the mixture

space theorem can be applied to obtain the existence of a utility function U defined
overM

(
�

)
that is linearwith respect to ourmixture operator and unique up to positive

affine transformations. For any x, y that satisfies {x} 	 {x, y} 	 {y}, we have {x, y} ∈
M

(
�

)
. If we normalize v (x) = 0 then we can set v(y) = U ({x}) − U ({x, y}).

Furthermore from the linearity of U (·) it follows that for any lottery z such that
v(z) = αv(y), we have v(z) = α(U ({x}) − U ({x, y}). Therefore, the degree of
temptation that affects the DM’s ex post choices can be measured by her ex ante
utility representation U . We follow GP’s construction to extend v for all lotteries in
�(Z) and show that this construction of v is menu independent.

In “Appendix B,” we consider the case when I (a) �= ∅ for some a ∈ �(Z).
Hence, B

(
�

)
does not contain all two-element menus and for those two-element

menus for which the willpower constraint is binding, we impose axiom 5 to regulate
the boundary of the self-control region I (a) ∩ S (a) to be invariant to the choice
of a. Since I (a) �= ∅, we can select a lottery b ∈ I (a). From the definition of
I (a), it follows that there exists some α ∈ (0, 1) such that the function V (α) :=
U ({αb + (1 − α)a, a}) has a discontinuity at α = α. From our construction, we
have w = v(αb + (1 − α)a) − v (a) = α1v(y) for some α1 ∈ R+. Hence, we
obtain w = α1(U ({x}) − U ({x, y}) which is also measured by her ex ante utility
representation U . Thus, once U is fixed, we only have one degree of freedom for v,
that is, the initial selection {x, y} from M

(
�

)
for the construction of v from which

we began and normalized v (x) = 0.

4.1 Regular preferences

We say a costly self-control with limited willpower preference relation is “regular,”
if for some alternative a the willpower constraint strictly binds for at least one other
tempting alternative (that is, I (a) �= ∅) and for at least another tempting alternative,
although the DM is able to exert self-control to resist it, she rather prefers to indulge
herself (that is, D (a) �= ∅). Hence, if a triple (u, v, w) represents a regular costly
self-control with limited willpower preference then v is not an affine transformation
of u.

Definition 4.1 A costly self-control with limited willpower preference relation � is
deemed regular if there exists some a ∈ �(Z), such that I (a) �= ∅ and D (a) �= ∅.

Unlike the two polar sub-families of GP’s Theorem 3, this intermediate case can
accommodate violations of the weak axiom of revealed preferences (WARP) for the
choice function that describes the choice the DM makes from a menu of lotteries.6

6 For the case where the stock of willpower is sufficiently large so that it never binds (respectively, the case
where the stock of willpower is zero) the choice function describing the choice the DMmakes from a menu
is the one generated by the utility function u (x) + v (x) (respectively, v (x) with u (x) only used to break
ties).
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620 M.-Y. Liang et al.

For instance, consider example 2 from Dekel et al. (2009). It concerns choices among
menus that contain selections from the three food items: broccoli (b), (high-fat) ice
cream (i) and (low-fat) yogurt (y). We suggest that in a setting where the decision-
maker can resist temptation at a cost of exerting self-control, albeit only up to the
limit of her willpower, it might be natural for her to express the following ranking of
menus:

{b} 	 {b, y} 	 {y} 	 {y, i} 	 {i} ∼ {b, i} .

The two strict preferences {b} 	 {b, y} and {b, y} 	 {y} reflect the willingness and
the ability of the DM to resist choosing the more tempting option y from the menu
{b, y}. Similarly, the two strict preferences {y} 	 {y, i} and {y, i} 	 {i} reflect her
willingness and ability to resist choosing the more tempting option i from the menu
{y, i}. The indifference {i} ∼ {b, i} arises because of the inability of the DM to resist
choosing the tempting option i from themenu {b, i} since the self-control cost required
to select option b exceeds her stock of willpower. Thus, the violation of WARP arises
from:

u (b) + v (b) > u (y) + v (y) > u (i) + v (i)

&max {v (y) − v (b) , v (i) − v (y)} ≤ w < v (i) − v (b) . (2)

Furthermore, from (2) we can also conclude that i ∈ I (b). Letting δz denote the
(degenerate) lottery that assigns probability 1 to the single prize z ∈ Z obtaining,
from the definition of I (b) it follows that there exists some α ∈ (0, 1) such that
(1 − α) δb + αδi ∈ S (b) for all α < α, and (1 − α) δb + αδi ∈ I (b), for all α > ᾱ.
That is,

v (b) ≥ v ((1 − α) δb + αδi ) − w, for all α < α; and,

v (b) < v ((1 − α) δb + αδi ) − w, for all α > α.

Hence, exploiting the linearity of v (·) for convex mixtures and rearranging we obtain
w = α (v (i) − v(b)).

The following theorem summarizes this insight that it is the discontinuity of the
preferences over menus that enables us to calibrate the stock of willpower parameter
w.

Theorem 2 Suppose the preference relation� admits a costly self-control with limited
willpower representation U (·) characterized by the triple (u, v, w). For any three
lotteries x1, x2, x3 ∈ �(Z), if

{x1} 	 {x1, x2} 	 {x2} 	 {x2, x3} 	 {x3} ∼ {x1, x3}

then x3 ∈ I (x1) and v (x3)−v (x1) > w. Moreover, there exists some α ∈ (0, 1) such
that α (v(x3) − v (x1)) = w, and the function V (α) := U ({(αx1 + (1 − α)x3, x1})
has a discontinuity at α.
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Costly self-control and limited willpower 621

5 A comparativemeasure of self-control

In this section, we define a comparative measure for a preference for self-control. The
following two definitions are taken from GP.

Definition 5.1 The preference � has self-control at A if there exists B, C such that
A = B ∪C and B 	 A 	 C . The preference � has self-control if � has self-control
at some A ∈ A .

Definition 5.2 The preference �1 has more self-control than �2 if, for all A ∈ A , �2
has self-control at A implies �1 has self-control at A.

Theorem 9 of GP considers situations such that {a} 	2 {a, b} 	2 {b} implies
{a} 	1 {a, b} 	1 {b} or {b} 	1 {a, b} 	1 {a}. Hence, they obtain the condition that
u2 + v2 and v2 are convex combinations of u1 + v1 and v1 as the characterization for
�1 having more self-control than �2.

Tomake the comparison between�1 and�2 tractable in our framework,we provide
the following partial characterization inwhichwe restrict attention to pairs of decision-
makers that have the same ranking and intensity for tempting goods thereby allowing
us tomeasure their temptation utilities with the same units and, by so doing, permitting
us to make a meaningful comparison of their respective willpower limits.

Theorem 3 Let�1, �2 be two regular costly self-control with limited willpower pref-
erences. Let (u1, v1, w1) be a representation of �1. Then, �1 has more self-control
than�2 if there exists u2, v2 andw2 such that (u2, v2, w2) represents�2 and satisfies
the following:

(
u2 + v2

v2

)
=

(
α β

0 1

)(
u1 + v1

v1

)
,

for some α > 0, β ≥ 0 and w2 ≤ w1.

Notice that u2 = αu1 + (α + β − 1) v1. Therefore, if α + β is equal to 1, then
u2 = αu1 making the line I2 flatter than line I1 in Fig. 3 simply as a consequence of the
change in the relative scales of differences in commitment utility versus differences
in temptation utility. However, if α + β is not equal to 1, then the commitment utility
of the representation of preferences �2 will be affected by temptation utility and as a
result the lines u2 = 0 and v2 = 0 need not be perpendicular to each other. However,
as long as the line I2 is flatter than the line I1 andw2 ≤ w1, we have S2 ⊂ S1. Hence,
using the above theorem we are still able to compare their willpower limits under our
representation.

6 Conclusion

In our representation, given a strictly positive willpower parameterw > 0, the discon-
tinuity in preferences overmenus should not be regarded as arising fromoverwhelming
temptation. Rather it can be viewed as a manifestation of insufficient willpower on
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the part of an individual to resist a tempting alternative. An implication of this may be
seen in situations where an individual faces in her daily routine the temptation not to
perform (or at least, postpone) an unpleasant (but important) task. If the limitation of
her willpower is of concern, then measures to increase the commitment utility of the
task she needs to performwill be to no avail. In this regard, such improvements are akin
to “pushing on a string.” Rather, she should endeavor to increase the temptation utility
of the task in order to relax her willpower constraint. For example, adding an immedi-
ate reward (such as watching a movie) for performing a difficult and unpleasant task
(such as injecting yourself with a needle) is more effective than trying to persuade
yourself about the long-run (medical) benefits, as Dan Ariely (2011) attests, citing
his own personal experience in strictly following an eighteen month drug regimen to
treat a disease he contracted from a contaminated blood transfusion. Indeed, for some
rewards, such as “sugar-coating” medicine, the bundling of the rewarding sugar with
the unpleasant medicine might make the individual better off through the relaxation
of her willpower constraint, even though the compromise utility of the bundle might
be strictly less than the compromise utility of the medicine alone.

Appendix A: Preliminary results for representation

We begin our derivation by noting it follows from Rader (1963), the ordering axiom
and upper semi-continuity ensure the preferences over compact menus admit a utility
representation.

Lemma A.1 If Axioms 1 and 2a hold, then there exists a function U : A → R that
represents �.

Note that unlike GP’s Lemma 1 (p1421), we do not adopt the independence axiom
to establish the existence of a linear representation for the above lemma. Instead,
we use our Axiom 3 in conjunction with Axiom 4, set betweenness to obtain a linear
representation over M

(
�

)
in Lemma A.5. As pointed out by GP (p 1413), upper

semi-continuity and set betweenness together are enough to extend the representation
from finite menus to arbitrary compact sets. (Proof appears in GP, lemma 8, p. 1430.)
Hence, we only need to establish our results for finite menus. The next lemma is
identical to GP’s lemma 2, which enables us to identify the utility of any finite set with
an appropriately chosen two-element subset.

Lemma A.2 (GP, Lemma 2, p. 1422). Let U be a function that represents some �
satisfying Axiom 4. If A ∈ A is a finite set, then

U (A) = max
x∈A

min
y∈A

U ({x, y}) = min
y∈A

max
x∈A

U ({x, y}) .

Moreover, there is an x∗, y∗ such that (x∗, y∗) solves themaxmin problem and (y∗, x∗)
solves the minmax problem.

We use Lemma A.2 to prove a result analogous to Lemma 3 in GP (p1422). But
unlike GP we establish this result without assuming that the function representing �
is linear. Instead the proof invokes Axiom 3 (restricted independence) directly.
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Lemma A.3 Let U be a function that represents some � that satisfy Axioms 3 and 4
and A = α {x, y} + (1 − α) {a, b}.

{x, y} 	 {y} and {a, b} 	 {b} implies U (A) = min
y′∈A

U
({

αx + (1 − α) a, y′}) ,

and

{x} 	 {x, y} , {a} 	 {a, b} , y /∈ I (x) and b /∈ I (a)

implies U (A) = max
x ′∈A

U
({
x ′, αy + (1 − α) b

})
.

Proof ByLemmaA.2, there exists (x∗, y∗) such that A ∼ {x∗, y∗} and (x∗, y∗) solves
the maxmin problem. First, we show that {x, y} 	 {y} and {a, b} 	 {b} implies x∗
= αx + (1 − α)a. By Axiom 3, we have

A 	 α{y} + (1 − α){a, b},
A 	 α{x, y} + (1 − α){b}.

Suppose x∗ = αx + (1 − α)b. Then, since A ∼ {x∗, y∗} and it solves the maxmin
problem, we have

A 	 α{x, y} + (1 − α){b} = {αx + (1 − α)b, αy + (1 − α)b} � A,

which yields a contradiction. Similarly, if x∗ = αy + (1 − α)a, then

A 	 α{y} + (1 − α){a, b} = {αy + (1 − α)b, αy + (1 − α)a} � A.

If x∗ = αy + (1 − α)b, then

A 	 α{y} + (1 − α){a, b} 	 {αy + (1 − α)b} = {αy + (1 − α)b, αy + (1 − α)b} � A.

Hence, x∗ = αx + (1 − α)a. Suppose that we have {x} 	 {x, y} and {a} 	 {a, b}
with y /∈ I (x) and b /∈ I (a). Then we can apply Axiom 3 and obtain

α{x} + (1 − α){a, b} 	 A,

α{x, y} + (1 − α){a} 	 A.

Then since A ∼ {y∗, x∗} and it solves the minmax problem, we can use a similar
argument as above to show y∗ = αy + (1 − α)b. ��

Lemma A.3 enables us to define a mixture operation for the space M
(
�

)
, which

we recall is comprised of the set of singleton menus and two-element menus in which
there is a tempting alternative for which the DM can exert costly self-control. Since
any A in M

(
�

)
has at most two elements, it follows that for any pair of menus A

and B inM
(
�

)
and any α in (0, 1), the menu αA+ (1 − α) B has either one, two or

123



624 M.-Y. Liang et al.

four elements. So consider the following (set-)mixture operator which we denote by
hα (·, ·). If A = {a, b} and B = {x, y}with {a} 	 {a, b} 	 {b} and {x} 	 {x, y} 	 {y},
then the (α, 1 − α)-(set-)mixing of A and B consists of taking the (α, 1 − α)-convex
combination of the two better alternatives from each set and the (α, 1 − α)-convex
combination of the two worse alternatives from each set. Thus, the resulting “mixture”
set still contains only two elements. For all other possible configurations, the standard
operation leads to at most two elements anyway, so no modification is required in
these cases. More formally, we have for any A and B inM

(
�

)
and any α in (0, 1),

hα (A, B) :=
⎧
⎨

⎩
{αa + (1 − α) x, αb + (1 − α) y} if

A = {a, b}, b ∈ S (a) ,

B = {x, y}, y ∈ S (x) ,

αA + (1 − α) B otherwise.

Lemma A.4 If a preference ordering � satisfies Axioms 3 and 4, then(
M

(
�

)
, {hα}α∈[0,1]

)
is a mixture space as defined in Kreps (1988, p. 52).7

Proof First, we will show that hα (A, B) ∈ M
(
�

)
for any A, B ∈ M

(
�

)
. From

Lemma A.3, it is known that hα is either a singleton set or a two-element set. If hα

is a singleton set, then obviously it is inM
(
�

)
. If hα has two elements, then it only

takes one of the two possible forms, either hα({a, b}, {x}), or hα({a, b}, {x, y}) with
b ∈ S (a) and y ∈ S (x) . By Axiom 3, we have

{αa + (1 − α) x} = α{a} + (1 − α){x} 	 {αa + (1 − α) x, αb + (1 − α) x)}
	 α{b} + (1 − α){x} = {αb + (1 − α) x}

Hence, hα({a, b}, {x}) ∈ M
(
�

)
. By Axiom 3, we also have

{αa + (1 − α) x} 	 α{a, b} + (1 − α){x} 	 α{a, b} + (1 − α){x, y}
	 α{a, b} + (1 − α){y} 	 α{b} + (1 − α){y} = {αb + (1 − α) y}

Hence, hα({a, b}, {x, y}) ∈ M
(
�

)
as well.

Next we will show that hα(
(
hβ (A, B) , B

) = hαβ(A, B) for any A, B ∈ M
(
�

)
.

We only deal with the case when A = {x, y} and B = {a, b} with y ∈ S (x) and
b ∈ S (a) because for the rest cases, the argument is similar but easier.

hα

(
hβ ({x, y}, {a, b}) , {a, b})

= hα({βx + (1 − β) a, β y + (1 − β)b}, {a, b})
= {α (βx + (1 − β) a) + (1 − α) a, α(β y + (1 − β)b) + (1 − α) b}
= hαβ({x, y}, {a, b}). ��

Since it follows from Lemma A.3 that for any A, B inM
(
�

)
, hα (A, B) ∼ αA +

(1 − α) B, as a consequence of Lemma A.4 we can apply the mixture space theorem
Kreps (1988,Theorem5.11, p. 54) to obtain the following representationof� restricted
toM

(
�

)
.

7 In particular, we have for any α, β ∈ (0, 1), and any A, B ∈ M
(
�

)
, hα

(
hβ (A, B) , B

) = hαβ (A, B).
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Lemma A.5 Apreference relation satisfiesAxioms1–4 if andonly if there exists a linear
functionU : M (

�
) → R, such that for any A, B inM

(
�

)
, U (A) ≥ U (B) ⇔ A �

B. Moreover, U in the representation is unique up to a positive affine transformation
and its restriction to singleton sets is continuous.

Now to extend the representation obtained in Lemma A.5, notice first it follows
from Axiom 4 (set betweenness) that for any two-element menu either the menu is
indifferent to a singleton menu that consists of just one element from that menu or that
menu lies in preference terms strictly between the two singleton menus formed from
its two elements. That is, {a} ∼ {a, b} or {a, b} ∼ {b} or {a} 	 {a, b} 	 {b}. For the
third case, since {a, b} is in M

(
�

)
, U ({a, b}) is already defined. For the other two

cases, we can simply set U ({a, b}) either to U ({a}) or to U ({b}). This provides the
unique extension of the function U (·) from Lemma A.5 to extend the representation
of � to all two-element sets.

It remains to extend the representation to all menus. Our first step in this task is
to define, as do GP, the linear (commitment utility) function u : �(Z) → R, by
setting u (x) := U ({x}). Next, for any two lotteries a, b and any γ ∈ (0, 1), such that
{a, b} ∈ M

(
�

)
and {a, (1 − γ ) b + γ x} ∈ M

(
�

)
for all x ∈ �(Z), we define the

(temptation utility) function v : �(Z) → R, as follows:

v (x; a, b, γ ) := U ({a, b}) −U ({a, (1 − γ ) b + γ x})
γ

.

We begin by noting a result that is analogous to GP’s Lemma 4 (p1423) holds in our
setting even though the domain of the U (·) in its statement is M

(
�

)
rather than the

unrestricted domain A . GP’s proof is still valid in our setting since all two-element
sets used in their proof are in M

(
�

)
.

Lemma A.6 Let U be a linear function that represents the restriction of some � to
M

(
�

)
. Suppose that (1 − γ ) b + γ x ∈ S (a) for all x ∈ �(Z). Then:

(i) ∀ x such that x ∈ S (a), v (x; a, b, γ ) = U ({a, b}) −U ({a, x}).
(i i) v (a; a, b, γ ) = U ({a, b}) −U ({a}).

(i i i) v
(
αx + (1 − α) x ′; a, b, γ

) = αv (x; a, b, γ ) + (1 − α) v
(
x ′; a, b, γ

)
.

(iv) v
(
x; a, b, γ ′) = v (x; a, b, γ ), for all γ ′ ∈ (0, γ ).

(v) Suppose that (1 − γ ) b′+γ x ∈ S
(
a′), for all x ∈ �(Z). Then v (x; a, b, γ ) =

v
(
x; a′, b′, γ

) + v
(
b′; a, b, γ

)
.

AlthoughU is linear onM
(
�

)
, we have not established that it is linear onB

(
�

)
.

However, using an argument similar to the proof of Lemma 5.6 in Kreps (1988), we
obtain the following weaker version of linearity.

Lemma A.7 Let U be a function that restricted to M
(
�

)
is linear and represents

some � satisfying Axioms 1–4. If {x, y} ∈ B
(
�

)
, then for any A ∈ M

(
�

)
, and any

α ∈ (0, 1),

U (α {x, y} + (1 − α) A) = αU ({x, y}) + (1 − α)U (A) .
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Proof If {x, y} satisfies {x} 	 {x, y} 	 {y}, the linearity is already proven in
lemma A.4. We have to deal with {x, y} with {x} ∼ {x, y} 	 {y} or {x} 	
{x, y} ∼ {y}. If {x, y} satisfies {x} 	 {x, y} ∼ {y}, we claim that α{x, y} +
(1 − α) A ∼ α{y} + (1 − α) A for all A ∈ M

(
�

)
. By Axiom 3, {x} 	 {y}

implies α{x} + (1 − α) A 	 α{y} + (1 − α) A, and Axiom 4 further implies
α{x} + (1 − α) A � α{x, y} + (1 − α) A � α{y} + (1 − α) A. In this case, we
only have to show that α{x, y} + (1 − α) A 	 α{y} + (1 − α) A will lead to a
contradiction. Let us take A = {a, b} with {a} 	 {a, b} 	 {b}. Suppose that
α{x, y} + (1 − α) A 	 α{y} + (1 − α) A. In this case, we have {x} 	 {x, y} ∼ {y}.
Since {x} 	 {y}, letting α, β ∈ (0, 1) and applying Axiom 3, we obtain

β{x} + (1 − β){y} 	 β{y} + (1 − β){y} = {y} ∼ {x, y},

and

α{x ′} + (1 − α){a, b} 	 α{x, y} + (1 − α){a, b},

where {x ′} = β{x} + (1 − β){y}.
Since α{x ′}+ (1 − α) {a, b} 	 α{x, y}+ (1 − α) {a, b} 	 α{y}+ (1 − α) {a, b}, von
Neumann–Morgenstern continuity implies there exists some γ ∈ (0, 1) such that

α{x} + (1 − α) {a, b}
	 γ

(
α{x ′} + (1 − α) {a, b}) + (1 − γ )

(
α{x ′} + (1 − α) {a, b}) .

We only deal with the case when A = {a, b} with {a} 	 {a, b} 	 {b} because when
A is a singleton set, the argument is similar but easier. Since α{x ′} + (1 − α) {a, b}
and α{y} + (1 − α) {a, b} are both in M

(
�

)
, we use Lemma A.3 to obtain the first

“∼” below

α{x, y}+ (1−α) {a, b} 	 γ
(
α{x ′}+ (1−α) {a, b}) + (1−γ ) (α{y}+ (1−α) {a, b})

∼ hγ

(
α{x ′} + (1 − α) {a, b}, α{y} + (1 − α) {a, b})

∼ α
(
γ {x ′} + (1 − γ ) {y}) + (1 − α) {a, b}

	 α{x, y} + (1 − α) {a, b},

which yields a contradiction. The last “	” uses the fact that {x ′} 	 {y}, γ {x ′} +
(1 − α) {y} 	 {y} ∼ {x, y} and Axiom 4. Since α{x, y} + (1 − α) A ∼ α{y} +
(1 − α) A, we haveU (α{x, y}+ (1 − α) A) = U (α{y} + (1 − α) A). Using Lemma
A.5, we have U (α{y} + (1 − α) A) = αU ({y}) + (1 − α)U (A) = αU ({x, y}) +
(1 − α)U (A) for all A ∈ M

(
�

)
. For {x, y}with {x} ∼ {x, y} 	 {y}, Axioms 3 and 4

imply α{x} + (1 − α) {a, b} � α{x, y} + (1 − α) {a, b} in the previous discussion.
By using the fact that {x} 	 {y}, and applying a similar argument, we can rule out the
possibility that α{x} + (1 − α) {a, b} 	 α{x, y} + (1 − α) {a, b} and further obtain
U (α{x, y} + (1 − α) A) = U (α{x} + (1 − α) A) = αU ({x}) + (1 − α)U (A) =
αU ({x, y}) + (1 − α)U (A) for all A ∈ M

(
�

) ��

123



Costly self-control and limited willpower 627

Next we adapt Lemma 5 of GP(p1424) to our framework and establish, given a
certain condition holds, there exists a costly self-control representation over any two-
element menu in which the willpower constraint never binds. This certain condition
requires that for any lottery a for which S (a) �= ∅, we can find a lottery b ∈ S (a)

and a γ > 0, such that (1 − γ )b + γ x ∈ S (a) for all x ∈ �(Z).

Lemma A.8 LetU be a function over menus. Suppose its restriction toM
(
�

)
is linear

and it represents a preference relation � satisfying Axioms 1–4. Consider a lottery
a ∈ �(Z) for which I (a) = ∅. Suppose there exist lottery b ∈ �(Z) and γ ∈ (0, 1),
such that (1 − γ ) b + γ x ∈ S (a), for all x ∈ �(Z). Then for any lottery y ∈ �(Z),
such that U ({y}) ≤ U ({a}) :

U ({a, y}) = max
x∈{a,y}

{u (x) + v (x; a, b, γ )} − max
x ′∈{a,y}

v
(
x ′; a, b, γ

)
.

Proof For the case where U ({a}) > U ({a, y}) > U ({y}), by GP(p 1424) we know
v (y; a, b, γ ) ≥ v (a; a, b, γ ) and u (a) + v (a; a, b, γ ) − v (y; a, b, γ ) > u (y) +
v (y; a, b, γ ) − v (y; a, b, γ ). Let A = (1 − γ ){a, b} + γ {a, y}. Since {a, b} ∈
M

(
�

)
, byLemmaA.7wehaveU (A) = (1 − γ )U ({a, b})+γU ({a, y}) for {a, y} ∈

B
(
�

)
. For the case where U ({a}) = U ({a, y}) > U ({y}) , the first part of Lemma

A.3 establishes that U (A) = minx ′∈A U
({a, x ′}) . Hence, we have v (a; a, b, γ ) ≥

v (y; a, b, γ ) by the same argument in GP. For the case whereU ({a}) >U ({a, y}) =
U ({y}) and y ∈ D(a), we will show v (y; a, b, γ ) ≥ v (a; a, b, γ ) + u (a) − u (y).
From GP this is equivalent to show that

U ({a, (1 − γ ) b + γ y}) ≤ (1 − γ )U ({a, b}) + γU ({a, y}) = U (A)

The above inequality holds because of the second part of Lemma A.3 U (A) =
maxw∈A ({w, (1 − γ )b + γ y}). ��

With these preliminary results in hand, we are in a position to characterize the
family of preferences over menus for which either the willpower constraint is never
binding or temptation is overwhelming, that is, the stock of willpower is zero. As we
noted in the previous section, this is GP’s Theorem 3 (p1413).

Lemma A.9 Suppose I (a) = φ for all a ∈ �(Z). A preference relation � satisfies
Axioms 1–4 if and only if the preference relation� admits a representation of the form
in expression (1), wherew is either sufficiently large so the constraint is never binding
or w = 0.

Appendix B: Proof of Theorem 1

For the case that there exists a lottery a for which I (a) �= ∅, we establish two lemmas
before we prove Theorem 1. The first lemma extends the representation result from
Lemma A.8 to include two-element menus in which the willpower constraint binds.
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628 M.-Y. Liang et al.

Lemma B.10 Let U be a function over menus. Suppose its restriction to M
(
�

)
is

linear and it represents a preference relation � satisfying Axioms 1–5. Consider a
lottery a for which I (a) �= ∅. Suppose there exist lottery b ∈ �(Z) and γ ∈ (0, 1),
such that (1 − γ ) b + γ x ∈ S (a), for all x ∈ �(Z). Then for any lottery y ∈ �(Z),
such that U ({y}) ≤ U ({a}) :

U ({a, y}) = max
x∈{a,y}

{u (x) + v (x; a, b, γ )} − max
x ′∈{a,y}

v
(
x ′; a, b, γ

)
,

s.t. max
x ′∈{a,y}

v
(
x ′; a, b, γ

) − v (x; a, b, γ ) ≤ w (a)

where w (a) = maxx ′∈S(a) v
(
x ′; a, b, γ

) − v (a; a, b, γ ).

Proof For the case where y ∈ S (a), we have v(y; a, b, γ ) ≤ maxz∈S(a) v (z; a, b, γ ).
Hence, by Lemma A.8, we have the desired result for all {a, y} ∈ B

(
�

)
. The

remaining part of the proof is to show that if y ∈ I (a), then we must have
v(y; a, b, γ )−v(a; a, b, γ ) ≥ w(a), which is equivalent to show that v (y; a, b, γ ) >

maxz∈S(a) v (z; a, b, γ ). Since y ∈ I (a), ∃γ̄ ∈ (0, 1) such that γ ′y + (
1 − γ ′) a ∈

S (a) if γ ′ ≤ γ̄ and γ ′y+(
1 − γ ′) a ∈ I (a) if γ ′ > γ̄ . Let ȳ = γ̄ y+(1 − γ̄ ) a. Since

ȳ ∈ S(a), by Lemma A.6 (iii), we have γ̄ v (y; a, b, γ ) + (1 − γ̄ ) v (a; a, b, γ ) =
v (ȳ; a, b, γ ) ≥ v (a; a, b, γ ). Hence, v (y; a, b, γ ) ≥ v (a; a, b, γ ). More-
over, u (a) + v (a; a, b, γ ) > u (ȳ) + v (ȳ; a, b, γ ) = γ̄ (u (y) + v (y; a, b, γ )) +
(1 − γ̄ ) (u (a)+v (a; a, b, γ )). Hence, u (a)+v (a; a, b, γ ) > u (y)+v (y; a, b, γ ).
We claim that maxz∈S(a) v (z; a, b, γ ) = v(ȳ; a, b, γ ). For any b′ ∈ S (a), from
Axiom 5, we have 1

2 {a} + 1
2 {a, b′} � 1

2 {a} + 1
2 {a, ȳ}. Since {a, b′} and {a, ȳ} are in

M
(
�

)
, we have 1

2u (a)+ 1
2U

({a, b′}) ≥ 1
2u(a)+ 1

2U ({a, ȳ}),U ({a, b′}) = u (a)+
v (a; a, b, γ )−v

(
b′; a, b, γ

)
andU ({a, ȳ}) = u (a)+v (a; a, b, γ )−v (ȳ; a, b, γ ).

Hence, v
(
b′; a, b, γ

) ≤ v (ȳ; a, b, γ ). ��
In order to be able to apply the above lemmas, we need to establish that for any

lottery a in which S (a) �= ∅, we can find a lottery b ∈ S (a) and a γ > 0, such that
(1 − γ )b + γ x ∈ S (a) for all x ∈ �(Z). This is the import of GP’s claim 1 (p1426)
but their proof does not work when there exists a lottery a for which I (a) �= ∅. So
we prove the following directly.

Lemma B.11 If there exists some pair x, y′ ∈ �(Z) such that y′ ∈ S (x), then there
is a γ > 0 such that (1 − γ )y + γ a ∈ S (x) for all a ∈ �(Z) and y = x+y′

2 .

Proof From Lemma A.4 and {x, y} = 1
2 {x}+ 1

2 {x, y′}, we know y ∈ S (x). Suppose
there is a γz > 0 such that (1 − γz)y + γz[z] ∈ S (x) for all z ∈ Z . Since Z is finite,
letting γ = minz∈Z {γz} and applying Lemma A.4, we can obtain the desired result.
Hence, for any z ∈ Z , let yi := (1 − γi )y + γi [z], and xi := (1 − γi )x + γi [z] and
γi → 0. We will show that yi ∈ S (x) for sufficiently large i . Suppose to the contrary
that we can find a subsequence yi ′ from yi , such that yi ′ /∈ S (x). We show all the
possible alternatives will lead to a contradiction.

Case 1. Suppose we have {x, yi ′ } ∼ {x} for all i ′. By Axiom 2a, we have {x, y} �
{x}, which contradicting y ∈ S (x).
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Costly self-control and limited willpower 629

Case 2. Suppose we have yi ′ ∈ I (x) for all i ′. By the definition of I (x), there
exists α ∈ (0, 1) such that (1 − α)x + αyi ′ ∈ S (x). Let a = 1−α

2−α
y′ + (1 −

1−α
2−α

)((1 − α)x + αyi ′). By Lemma A.4, we have a ∈ S (x) . However, we can

rewrite a =
(
1 − αγi

2−α

)
y+ αγi

2−α
[z]. Hence, for all γ j ≤ αγi

2−α
, we have y j ∈ S (x),

which yields a contradiction.
Case 3. Suppose we have yi ′ ∈ D (x) and y ∈ T (xi ′) for all i ′. By Axiom 4,
we have

U ({x, yi ′ , xi ′ , y}) ≤ max{U ({x, yi ′ }),U ({xi ′ , y)} = max{U ({yi ′ }) ,U ({y})}

and

U ({x, yi ′ , xi ′ , y}) ≥ min{U ({x, y}),U ({xi ′ , yi ′ })}.

Note that {xi ′ , yi ′ } = (1 − γi ′){x, y} + γi ′ {[z]}. By Lemma A.7, we have
U ({xi ′ , yi ′ }) = (1−γi ′)U ({x, y})+γi ′U ({[z]}). SinceU ({x, y}) > U ({y}), we
obtain a contradiction.
Case 4. Suppose we have yi ′ ∈ D (x) and y ∈ S (xi ′) for all i ′. We apply Lemma
A.7 to obtain

1

2
U ({x, yi ′ }) + 1

2
U ({xi ′ , y}) = U

(
1

2
{x, yi ′ } + 1

2
{xi ′ , y}

)
;

therefore, the same argument in GP (Claim 1, p. 1426) follows. ��
Now we are ready to prove our main theorem.

Proof of Theorem 1. We show that the axioms imply that the relation � admits a rep-
resentation of the form given by the function U as defined in Theorem 1. Since there
exists a in �(Z) such that I (a) �= ∅, we have S (a) �= ∅. By Lemma B.11, there
exists b ∈ S(a), γ ∈ (0, 1) satisfy (1 − γ )b + γ a′ ∈ S (a) for all a′ ∈ �(Z). By
Lemma B.10, we can let u

(
a′) := U

({a′}), v (
a′) := v

(
a′; a, b, γ

)
for all a′ ∈ �(Z)

andw = v (ā; a, b, γ )−v (a; a, b, γ ) ,where ā ∈ I (a)∩S(a). By the first part of the
proof of LemmaA.8, we know u (a)+v (a) > u (b)+v (b) and v(b) > v (a). Hence,
neither u nor v is constant and v (·) �= −αu (·) + β for some α ∈ (−∞, 0] ∪ [1,∞)

and β ∈ R.
Now consider a set A = {x, y′}, where x and y′ are in the relative interior of

�(Z). Assume without loss of generality, that u (x) ≥ u
(
y′). Since x is in the

interior of �(Z) and b ∈ S (a), we can select α ∈ (0, 1) and x ′ ∈ �(Z) such that
{x, y} = α{x ′} + (1 − α){a, b} ∈ M

(
�

)
. Hence, by Lemma B.11, there exists

γ ′ ∈ (0, 1) such that
(
1 − γ ′) y + γ ′a′ ∈ S (x) for all a′ ∈ �(Z). If I (x) = ∅, then

{x, y′} ∈ B
(
�

)
. Hence, we can apply Lemma A.8 and obtain

U
({x, y′}) = max

x ′′∈{x,y′}
{u (

x ′′) + v
(
x ′′; x, y, γ ′)} − max

x ′′∈{x,y′}
v

(
x ′′; x, y, γ ′) .

123
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Note that the willpower constraint is relevant only when y′ ∈ S (x). Hence, we
need to show that v

(
y′; x, y, γ ′) − v

(
x; x, y, γ ′) ≤ w if y′ ∈ S (x). Since y′ ∈

S (x), by Axiom 5, we have 1
2 {a} + 1

2 {x, y′} � 1
2 {x} + 1

2 {a, a∗}. By Lemma A.7,
we then have 1

2u (a) + 1
2U

({x, y′}) ≥ 1
2u(x) + 1

2U ({a, ā}), where U
({x, y′}) =

u (x)+v
(
x; x, y, γ ′)−v

(
y′; x, y, γ ′) andU ({a, ā}) = u (a)−w. Hence, we have

v
(
y′; x, y, γ ′) − v

(
x; x, y, γ ′) ≤ w. Let γ ∗ = min{γ, γ ′}. By Lemma A.6 (iv),

v (·; a, b, γ ∗) = v (·; a, b, γ ) and v (·; x, y, γ ∗) = v
(·; x, y, γ ′). By Lemma A.6

(v), for an appropriate constant k, v (·; a, b, γ ∗) = v (·; x, y, γ ∗) + k and hence it
follows that

U
({x, y′}) = max

x ′′∈{x,y′}
{u (

x ′′) + v
(
x ′′)} − max

y′′∈{x,y′}
v

(
y′′)

s.t. max
y′′∈{x,y′}

v
(
y′′) − v

(
x ′′) ≤ w

If I (x) �= ∅, we can apply Lemma B.10,

U
({x, y′}) = max

x ′′∈{x,y′}
{u (

x ′′) + v
(
x ′′; x, y, γ ′)} − max

y′′∈{x,y′}
v

(
y′′; x, y, γ ′) ,

s.t. max
y′′∈{x,y′}

v(y′′; x, y, γ ′) − v(x ′′; x, y, γ ′) ≤ w(x),

where w (x) = maxy′′∈S(x) v
(
y′′; x, y, γ ′) − v(x; x, y, γ ′). Take x̄ ∈ I (x) ∩ S (x) .

By Axiom 5, we have 1
2 {a} + 1

2 {x, x̄} ∼ 1
2 {x} + 1

2 {a, ā}. By Lemma A.7, we then
have 1

2u (a) + 1
2U ({x, x̄}) = 1

2u(x) + 1
2U ({a, ā}), where U ({x, x̄}) = u (x) +

v
(
x; x, y, γ ′)− v

(
x̄; x, y, γ ′) andU ({a, ā}) = u (a)−w. Hence, we have w (x) =

v
(
x̄; x, y, γ ′) − v

(
x; x, y, γ ′) = w. Follow the same argument as above, we have

U
({x, y′}) = max

x ′′∈{x,y′}
{u (

x ′′) + v
(
x ′′)} − max

y′′∈{x,y′}
v

(
y′′)

s.t. max
y′′∈{x,y′}

v
(
y′′) − v

(
x ′′) ≤ w.

Now consider an arbitrary finite set A. We know that

U (A) = max
x∈A

min
y∈A

U ({x, y})

= max
x∈A

min
y∈A

{
maxx ′∈{x,y}{u

(
x ′) + v

(
x ′)} − maxy′∈{x,y} v

(
y′)

s.t.maxy′∈{x,y} v (y′) − v (x ′) ≤ w

}

= max
x∈A

min
y∈A

{
maxx ′∈{x,y}{u

(
x ′) + v

(
x ′)}

s.t. maxy′∈{x,y} v (y′) − v (x ′) ≤ w

}
+ min

y∈A
{−v (y)}

Let y∗ ∈ argmaxy∈A v (y). If, x ∈ A such that v (y∗) − v (x) > w, then x does not
solve the constraintmaxminmax problembecause for the pair {x, y∗}wewould choose
y∗ instead of x . Hence, x will not survive after the second requirement, i.e., miny∈A

when we take y = y∗. Now consider any x ∈ A such that v (y∗) − v (x) ≤ w,
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then for any pair {x, x ′} where x ′ ∈ A, we have v
(
x ′) − v( x∗) ≤ w. Hence, if

v (y∗)−v
(
x ′) ≤ w, thenwe choose x over x ′ onlywhenu (x)+v (x) ≥ u

(
x ′)+v

(
x ′).

Hence, we have

U (A) = max
x∈A

{u (x) + v (x)} − max
y∈A

{v (y)}
s.t. max

y∈A
v (y) − v (x) ≤ w

To show that the axioms are necessary, for any A ∈ A let us denote the most
tempting lottery yA ∈ argmaxy∈A v (y), the admissible set DA = {x ∈ A : v (x) ≥
w − v(yA)} and the best admissible compromise lottery xA ∈ argmaxx∈DA {u (x) +
v (x)}. Note that u and v are both continuous functions and DA is a compact
set. Hence, Axiom 2a holds. For Axiom 2 to hold, note that αyA + (1 − α) yC
∈ argmaxy∈αA+(1−α)C v (y) for all α ∈ [0, 1] and A,C ∈ A . Hence, we have
αxA + (1 − α) xC ∈ DαA+(1−α)C . By selecting α >

U (B)−U (C)
U (A)−U (C)

, we can verify that
preferences represented by U satisfy Axiom 2b. For Axiom 3 to hold, if A1, A2 ∈
B

(
�

)
, we claim that αxA1 + (1 − α) xA2 ∈ argmaxx∈DαA1+(1−α)A2

{u (x) + v (x)}.
Hence,U (αA1 + (1 − α) A2) = αU (A1)+ (1 − α)U (A2), which yields the result.
Suppose to the contrary that the above claimdoes not hold. SinceαxA1+(1 − α) xA2 ∈
DαA1+(1−α)A2 ,wemust have some x ′ ∈ Ai such thatu(x ′)+v

(
x ′) > u (xi )+v (xi ) for

some i ∈ {1, 2} and x ′ /∈ DAi . Since Ai has at most two elements and x ′ �= xAi , we
must have xA = yA, u

(
x ′) > u (xi ) and U (Ai ) = u (xA). Hence, x ′ ∈ T (xA).

Since w > 0, we can find an α ∈ (0, 1) such that αx ′ + (1 − α) xAi ∈ DAi ,
which implies αx ′ + (1 − α) xAi ∈ S (xA). This contradicts Ai ∈ B

(
�

)
. To

prove Axiom 4, if v (yA) ≤ v (yA), then we have yA∪B = yB . Hence,U (A ∪ B) ≤
u (xA) + v (xA) − v (yA) and xB ∈ DA∪B , which implies A � A ∪ B � B. If
v (yA) > v (yB), then yA∪B = yA. Hence, we haveU (A) = U (A∪ B). To show that
Axiom 5 holds, since b ∈ S (a) and y ∈ S (x), we have u (a) > U ({a, b}) > u (b) and
u (x) > U ({x, y}) > u (y). Hence, 0 < v (b)−v (a) ≤ w and 0 < v (y)−v (x) ≤ w.
Moreover, b ∈ I (a) implies v (b) − v (a) = w. Otherwise, we would have an open
ball centered at b, denoted as B (b), such that all b′ ∈ B (b)we have v

(
b′)−v (a) < w

and b′ ∈ S (a), which contradicts b ∈ I (a). Hence, by straightforward computation
we can conclude that U ({ 12a + 1

2 x,
1
2a + 1

2 y}) ≥ U
({ 12 x + 1

2a, 1
2 x + 1

2b}
)
. ��
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